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Abstract. For A C Lj oc (S, X) let MA consist of all / £ Lj oc with M h f{-) := 

i /(• + «) G A for all ft, > 0. Here X is a Banach space, J = (a, oo), [a, oo) or R. 

The class MA C 2?'(JJ, X) the space of distributions is similarly defined. Usually A C 

MA C M 2 A C One has U^Lg.M'M = D^(R,X) := {T £ £>'(R,J5f) : T * ip £ 

A for all p e D(R,C)}, P^(K, X) n Lj oc (R,X) = U™ =0 M n A. The map A -> V' A 

is iteration complete, that is T>' , = T>',. Under suitable assumptions M n A = A + 

u A 

^p(n) : T e A}, and similarly for M n A. Almost periodic X-valued distributions T>' A 
with A = almost periodic (ap) functions are characterized in several ways. Various 
generalizations of the Bohl-Bohr-Kadets theorem on the almost periodicity of the 
indefinite integral of an ap or almost automorphic function are obtained. On T>' £ , E 
the class of ergodic functions, a mean can be constructed which gives Fourier series. 
Special cases of A are the Bohr ap, Stepanoff ap, almost automorphic, asymptotically 
ap, Eberlein weakly ap, pseudo ap and (totally) ergodic functions (T)£- Then always 
M n A is strictly contained in M n+1 A. The relations between M n £, M n T£ and 
subclasses are discussed. For many of the above results a new (A)-condition is 
needed, we show that it holds for most of the A needed in applications. Also, we 
obtain new tauberian theorems for / £ Lj oc (3,X) to belong to a class A which 
are decisive in describing the asymptotic behavior of unbounded solutions of many 
abstract differential-integral equations. This generalizes various recent results. 
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§0. Introduction 

The primary objective of these notes is to present a self-contained study of the 
theory of mean type classes introduced during our study of the asymptotic behavior 
of solutions of differential-difference systems, [13, (1.1)]. This theory does what the 
Stepanoff extension of Bohr's almost periodic functions accomplished (see below), 
now for quite general function classes, for example asymptotic almost periodic, 
almost automorphic or Eberlein weakly almost periodic functions: For a given 
A C Lj oc (3,X), X Banach space, J infinite interval, 

MA ={f e L} oc : the mean M h f(-) := (1/h) /(• + s) ds G A for all h > 0}. 
This extension MA of A can also be defined for U a subset of Schwartz's vector 
valued distributions V'{J,X), giving MU '. 

These extensions proved useful in [13]. There they made possible a considerable 
weakening of the necessary assumptions, and simpler and more flexible formula- 
tions. For example bounded solutions of differential-difference systems may not 
belong to the class of Banach space valued Bohr almost periodic (ap) functions 
AP = AP(R, X), but belong to MAP. This means that the study of mean classes 
makes an important contribution to the understanding of asymptotic behavior of 
solutions of many differential-difference systems. Also, this gives rise to an exten- 
sion of many known spaces. For example for the class AP, one has AP C S P AP = 
{ Stepanoff almost periodic functions} C MAP. 

In the following we give a short account of how these classes evolved starting 
with Bohr's almost periodic functions. 

In his study of the asymptotic behavior of solutions of differential equations in 
perturbation theory of astronomy, Bohl [26] 1906 introduced quasi-periodic func- 
tions as (essentially) sums of finitely many complex-valued periodic functions on 
the real line R with arbitrary, but usually rationally independent periods. The 
study of his differential equations could be reduced to the question: When is the 
indefinite integral F of a quasi-periodic / again quasi-periodic? As a necessary and 
sufficient condition he obtained the boundedness of F on R. 

The class of quasi-periodic functions has been extended by Bohr [28] 1925 to 
his almost periodic (ap) functions, which can be characterized as uniform limits on 
R of trigonometric polynomials Cje lcJj *, with cj complex and uij arbitrary real. 
Again the indefinite integral of an ap function is ap provided it is bounded (theorem 
of Bohl-Bohr), with corresponding applications to linear differential equations. 

To include also discontinuous only locally integrable periodic functions, Stepanoff 
[73] in 1926 introduced what are now called Stepanoff-ap functions, limits of trigono- 
metric polynomials with respect to the norm := sup {J^ +1 \f(s)\ ds : t real 
}. Bochner noticed that a bounded indefinite integral F of / is already Bohr-ap if 

e ;„ O-t — „ — a „„ t>„„„ ro^l inci — — j„j i-I,:„ ;„ +u„ -C„ii„„.; — , „.„,. . Tf p . n > m 
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is bounded and if the differences A h F = F h — F are Bohr-ap for all h > 0, with 
Fh(t) := F(t + h), then F is ap. In the case where F is the indefinite integral Pf 
of /, this gives: If all means Mhf are ap for h > and if Pf is bounded, Pf is ap. 
For MAP(R, C), one gets: / G MAP and Pf bounded implies Pf € AP. 
This is an extension of the above mentioned Bohl-Bohr theorem, since one has 
AP C { Stepanoff-ap functions} C MAP, and both inclusions are strict. Such 
an extension can now be carried over to solutions of linear differential-difference 
systems ([13, e.g. Theorem 4.1]), again instead of the right side / being Bohr-ap it 
suffices to assume only / e MAP. 

Non-periodic ap functions appear not only in the above mentioned perturbation 
problem. For example all bounded (non-resonant) solutions of the boundary value 
problem for the wave equation are ap in the time variable ([2, Chapter 5]). 

To treat partial differential equations, one has to consider ap functions with 
values in a Banach space X. Furthermore there are other types of interesting 
asymptotic behavior, for example Bochner's almost automorphic functions [24], 
Frechet's asymptotically ap functions (f+g, with / ap and g(t) — > as \t\ — > oo) [43], 
Eberlein ap functions [40] or the recently introduced pseudo-ap functions of Zhang 
[77] 1994. 

For a discussion of such function classes and especially for harmonic analysis and 
synthesis it is essential to have a mean Zzmr_ ) . 00 (l/2r) f_ T f(s) ds , and indeed all 
these functions are ergodic in some sense. 

With all the above and especially applications to differential equations in mind, 
starting with an arbitrary class A of functions / : J — > X which are only locally 
integrable, J any infinite interval from R containing some [n, oo), X a Banach 

space, we introduce as above the classes MA, M 2 A = M(MA), Usually (but 

not always) one has A C MA and then A C MA C M 2 ■ ■ ■ ; for A = AP, or a 
similar class, or A = { ergodic functions } all these inclusions are strict, giving a 
whole hierarchy of generalized ^-functions. Since the Bohr-mean can be extended 
to ergodic distributions (§8), harmonic analysis becomes possible for all the M n A 
and M n A, as soon as it is possible for A. 

Consider the extensions MU of a subset U of Schwartz's vector valued distribu- 
tions X>'(J, X). The space V' U (R, X) consists of those T eV'(R,X) for which convo- 
lution T*v? G U for all test functions v? € V'(R, C). One gets U^M n U = V V (R, X). 
With U = AP and X = C Schwartz's [71, p. 206] B' pp (R, C) = V' AP (R, C). 

If a function / e A has a derivative /', then almost by definition /' e MA. 
Under some additional assumptions one can show the converse: MA = {/ + g' : 
f,g G A, g' "exists" }, similarly for the distribution class MU. Here and for several 
other results the essential assumption is that A satisfies the " ( A)-condition" , which 

™„„„„ j-U„-i- ;f c — „ i„„„n.. — ,„„ui„ -f . ¥ > v -tu„ j;-ff „ A t r- A c — „n 
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h > then also / — (1/s) J t s f(v) dv G A for all s > 0. Fortunately practically all 
the important function spaces satisfy this condition (§4). 

The introduction of these mean classes M n A not only makes possible the gener- 
alization and sharper formulation of results on the asymptotic behavior of solutions 
of linear differential-difference systems ([13]), it also collects and unifies diverse re- 
sults in the theory of ap functions and analogues, as exemplified in Proposition 5.6 
below, furthermore some new results on the global behavior of derivatives can be 
obtained thereby (§10). Finally with these concepts an extension of a tauberian 
criterion essential in the study of differential equations to also unbounded functions 
is possible (§9). 

We give now a detailed description of the contents of the following sections: 
In §1 we introduce the various function spaces treated, especially ap functions, 
their analogues and generalizations, and ergodic functions. Also we give here some 
characterizations of functions with (uniformly) continuous differences needed later. 

In section 2 we study the extension A C MA C Ai 2 A C • • • systematically, as 
well as a corresponding one for AiA for classes A of vector- valued distributions from 
X), completing and generalizing results from [13, Section 3] and Schwartz [71, 
pp. 206-207, 247-248]. It turns out that under weak assumptions all inclusions are 
strict (Proposition 3.8) and Ai n A, M. n A are subsumed by "^.-distributions" T>' A 
consisting of all T G V'(R,X) with T * ip G A, for all test functions ip G D(R, C): 
V' A = U™ =0 M n A, V A (R, X) n Lj oc (R, X) = U™ =0 M n A, and = V' A . We give 
various characterizations of T>' A and similar ones needed for S'(M.,X) (Theorems 
2.11, 2.16). 

In Sections 3, 4 we give conditions under which the various assumptions needed 
for Section 2 are fulfilled, especially A C MA and the central condition (A) of 
Definition 1.4 below. For practically all the spaces of generalized almost periodic 
or ergodic functions £ they hold (Examples 3.4-3.7, 4.7, 4.15, 4.16). In Propositions 
4.9-4.10 we show that both L v w (J, X) and 0(w) (J, X) satisfy (A). In Proposition 
3.8, Examples 3.9 and Corollary 3.10 we demonstrate that the inclusions Ai k Ac 
Ai k+1 A, k G No are strict for various classes A. See also Proposition 7.1 and 
Remark 7.2. 

In Section 5 we show M n A = A + {T^ : T G A} and similarly for M n A 
(Corollaries 5.2- 5.4). With this any S^-ap <p is of the form f + g', f, g ap (Corollary 
5.4). Results of Stepanoff and Bochner are united and generalized to Ai n AC\C u C A 
(Proposition 5.6). Furthermore, it is shown that AiAP(R, R) | [0, oo) is strictly 
contained in M[AP([0, oo),R)] (Example 5.5)). 

In Theorem 6.1 we characterize the distributions from T>' AP = T>' SpAP by Bohr's, 
Bochner's and von Neumann's definitions. Further relations between A = Bohr-ap 

f, j-; — „ A n „„,.™„j-„j-;„ „„ f, — „ A A i~> T^l 1„;„ „„ f, — „ TP A n a*7„,.i „„ 



6 



BOLIS BASIT AND HANS GUNZLER 



functions W P AP, Besicovitch ap functions B P AP and their distribution spaces V' A 
can be found above Proposition 6.5. 

In various places we need and derive results of the form " if all the differences 
Ahf are in U, then / is in V" (Propositions 1.5, 1.7, Lemmas 4.4, 4.19), extending 
several earlier results [11], [30], [48], [8]. As applications we get several extensions 
(Proposition 6.5, Corollary 6.6 and after Corollary 6.6) of the Bohl-Bohr-Kadets 
theorem: if for ap / : R — >■ X the indefinite integral Pf is bounded, it is ap too, 
provided cq <f. X [54]. These results are not covered by the theorems of [13]. 

Further we obtained several new properties of the classes of ergodic functions £, 
V' £ , needed in applications (Proposition 7.1, Remark 7.2). Especially, we prove (A) 
for £, S = {/ G S with mean (/) = 0}, Av, Av . 

In Section 8 the ergodic mean is extended to m : V' £ — > X. If A is invariant 
with respect to multiplication by characters e tujt , so also are M n A, V' A . Hence 
Fourier series and Bochner spectra may be defined for functions and distributions 
in these classes. For distributions from V' A where A is Bohr ap, asymptotically ap 
or Eberlein weakly ap functions the classical results carry over, for M n A with a 
suitable topology (see after (8.7)). 

In Section 9 we introduce the notion of spectrum of a function G T)' Loo (R, X) 
with respect to a class A(J,X) and obtain tauberian criteria (Proposition 9.5, 
Theorem 9.7, Corollary 9.8, Remark 9.11) which play a decisive role in describing 
the asymptotic behavior of also unbounded solutions of many differential equations, 
and with the Loomis condition (Ljj) a unified treatment of such situations. For the 
case (j> G L°°(R,X) see [3-4], [16], [9, Sections 4-5], [10, Sections 4-6], [67, Sec. 4-5], 
[5-6], [17], [34] and references therein. 

§1. Notation, Definitions and Preliminaries 

In the following J will always be an interval of the form R, (a, oo), [a, oo) for 
some a G R, R + = [0, oo), R+ = (0, oo), N = {1, 2, • • • } and N = {0} U N. Denote 
by X a real or complex Banach space, with scalar field K = K = E or C, 

and by L(X) the Banach space of all linear bounded operators from X to X. 

If / is a function defined on J — > X, then f s , A s f will stand for the functions 
defined onJby/ s (t) = f(t + s), AJ(t) = f s (t)-f(t) for all s e R with s+J C J, |/| 
will denote the function \f\(t) := \\f(t)\\ for all t € J and ||/||oo : = sup xfE jj| \f(x)\ \. 

For [/,7cIorC X s , U -V := {u-v : u G U, v G V}; similarly for U + V. 

If / G L z 1 oc (J, X), then Pf will denote the indefinite integral defined by Pf(t) = 
la f( s )d s (where «o = ot + 1 respectively if J = R, all integrals are Lebesgue- 
Bochner integrals (see [53, p. 79], [39], [50]), similarly for measurable). 

The space of functions with continuous derivatives of order up to k defined on 
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C°(JJ, X). The spaces of all constants, bounded continuous, continuous with rela- 
tively compact range, continuous with relatively weakly compact range, uniformly 
continuous, bounded uniformly continuous, uniformly continuous with relatively 
compact range, uniformly continuous with relatively weakly compact range, uni- 
formly continuous and vanishing at infinity, and continuous with compact support 
in J functions will respectively be denoted by X, 6^(1, X), C rc (J, X), C wrc (J, X), 
C U (IX), C uh (I,X), C urc (I,X), C uwrc (lX), C (IX) and C C (S,X). 

C°°(R, X) will stand for the space of infinitely differentiable functions / : R — >■ X. 

The character 7^, is defined by 7 W (£) := e lujt , w, t G 1. The Fourier transform 
of / G L 1 (IR, X) with complex X is f(u) = f_ oQ r y iU (—t)f(t) dt and the reflection of 
/is defined by f(t) = f(-t). 

The Sobolev spaces W l( £($, X) are defined below in (2.5). 

X>(J, K) denotes the Schwartz test functions (infinitely differentiable K-valued 
functions with compact support in J) [71, pp. 21, 24], [41, pp. 299-302]. 

V(S, X) denotes the set of linear continuous T : P(J, IK) — > X as in [71, pp. 24, 
30] or [70, p. 49]. 

Here J in £>(J, IK), X>'(J, X) is always open. 

Similarly, S (R, K) will stand for the Schwartz space of all rapidly decreasing 
infinitely differentiable K-valued functions defined on R (see [75, p. 146]) and 

5'(R, X) is the space of Banach valued tempered distributions of linear contin- 
uous T : S(R,K) X (see [71, p. 234]). 

(V LP )'(R,X) := {T : V LP (R,K) X : T linear, continuous}, 1 < p < 00 
where V LP (R,K) contains all ip G C°°(R,K) with (p (j) G L P (R,K) for < j < 00, 
and ip m — > in T>l p meaning — > in the L P (R, lK)-norm for < j < 00 
see [71 , p. 199]. The topology on (T>l p )' is given by the seminorms := 
swp{||T(y?)|| : ip G V}, V bounded set in Vl p (R, IK); V bounded means here sup 
{||</?( j ')|| L p : ip G V} < 00 for eachj G N . 

T G V'(R,X), T G (D L i)'(R,X) means there is a (unique) f G (V L i)'(R,X) 
with f |D(R,K) = T. 

Translates T a for distributions T are defined in accordance with the above defini- 
tion of translates f a for functions / by T a (ip) := T(</?_ a ) (contrary to the definition 
in [71, (II, 5; 2), p. 55]). 

Let A C L] oc {J, X) or A C T>'(J, X). We use the following assumptions for A. 
Cone : sF + tG G A if F, G G A and s, t G [0, 00) . 
Q-convex : - YlT=i F k /m e A for all F k G A, m G N. 
Real-linear: sF + tG e A if F, G e A and s, £ G R. 
Positive-invariant: translate _F a G ^4 if F G ^4 and a G [0, 00). 

.„• J-. T7> t r- S~1 /TTD V""* fl ¥ ^- /I -P I ¥ ^- A C „ 11 „ r- TCO 
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Invariant: F a G A if F G A for all o6l. 

Uniformly closed : (0 n ) C A and (f) n — > uniformly on J implies (f> E A. 
C°° -uniformly closed : Uniformly closed, but only for (0 n ) C A fl C°°(J, X). 
(r): G ^4 for all characters 7 W (£) = e iujt , u G R and all G A 

(Lj/): For A, U C i^QF, X): <f>eU, A h (f) G .4. for all /i > implies G A 
(L'y): For A t/ C V'(J, X) : T eU, A h T G „4 for all h > implies T G A 

For t/ = C 6 (J,X), C U (JJ,X), C u6 (J,X), C uwrc (J,X) we write 

{Lb)i {L u )i (L u b), (L uwrc ). 

There in (L^) the "G" for T = / G L^ oc (J,X), U C L^JJ,^) means for 
example there is g G A with f = g almost everywhere on J; in (Ljj) however 4> = g 
everywhere on J. (See special case to Lemma 4.4 below). 

For A with (Lu) respectively {L' v ) we say that A is a £/"-Loomis class (see Loomis 
[60, p. 365], Caracosta-Doss [31], [13, pp. 117, 120]). 

A function G L] oc {J,X) is called ergodic if there is a constant m(0) G X such 
that 



The limit m(0) (clearly unique) is called the mean of 0. 

A function G L[ oc (J, X) is called totally ergodic if 7^ is ergodic for all characters 

7«(*) = e lw *, w£t 

In this paper we adopt the following notation (note the difference from [9], [10], 
[13] (there £,T£ stands for £- u b-,T£ u b defined below)): 

The space of all ergodic (totally ergodic) functions from Lj oc ($,X) will be de- 
noted by 

£(S,X), (T£(J,X), then K = C ). 
We set 

£ (J, X) := {0 G S(S, X) : m(0) = 0}, £ ub (J, X) := S(S, X) n C m6 (J, X), 

^(j,i) = ^(J,i)nc u6 (j,i), 

T£ (J,X) := {0 G T5(J,X) : 7w G £ (J,X), w G R}, 

T5 u6 (j,x) :=r^(J,i)n^(j,i), T^(U) = ^o(U)n^(W)- 

If Y is a locally convex complex space, let n(R, Y) stand for the set of all trigono- 
metric polynomials 

n(t) := YJjLi a i eiuJj *> where a i e r, a;^ G M, j = 1, • • • , m G N, 
P T (J, y) := {0 G C(J, y) : <f>{t + r) = 0(t) for all t G J}, r fixed > 0. 
A function : R — > y is called almost periodic (ap) if and only if to each neigh- 



1 1 j t/" „-f r\ „f -i-i — „/. ^- TT/Tro „/. jl ^- f — „n j. r- hd. 
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for Y = Banach space A this means the existence of a sequence (7r n ) C II(R, A) 
such that ||7r n — 4>\ |oo — > as n — > oo. 

The space of all almost periodic functions will be denoted by AP(R, Y), always 
AP(R,Y) C C ub (R,Y). 

Since II(R,A) C TS ub (R,X), one gets also AP(R,X) C TS uh (R,X), X Banach 
space. See [2, p. 21], [33, Lemma 1]. 

A function <fi G C&(R, -X") is almost periodic if and only if for each £ > the set of 
e-periods T(>, e) := {r G R : \\<j>{t + r) - </>(t) 1 1 < £ for all £ G R} 
is relatively dense in R (Bohr's Definition); 

here M C R relatively dense means the existence of an / > such that 
Mfl[f,f + !]^i for each t G R. 

G Cb(R, X) is almost periodic if and only if {</> s : s G R} is relatively compact 
in Cb(R,X) (Bochner's definition). See [2, p. 7], Proposition 6.2, Lemma 6.4 and 
(to) after Lemma 6.4. 

A function </> G C(R, X) is called Bochner almost automorphic (aa) if to each 
sequence (s m ) from R there exists a subsequence (s m „) such that for each t G R the 
lim^-^oo 0(t + s m J exists, =: #(t), and furthermore #(£ — s m „) — > 0(£) as n — )> oo 
for each tel. (See [24, p 2041, Definition 2], [46, pp. V, 11] and the references 
there). 

UAA(R, X) will denote the set of all uniformly continuous Bochner aa (p : R — > 
X. For characterizations via e-periods "for \t\ < M " see [13, p. 119] and the 
references there. 

LAP u t,(R, X) will denote the set of Levitan ap = A-ap functions which are in 
C ub (R, X); for various equivalent definitions with "local e-periods" see again [13, p. 
119] and the references there, also [59, section 4], [9, Definition 2.1.3 (iii), Theorem 
2.1.4]. 

Let G £f oc (J, A), 1 < p < oo. Denote by 

Ms* := sup xeJJ [j C l \mt)\\ P dt] 1 ^, \\<t>\\ SP := \\<t>\\s*, 
\\<f>\\wv ■= lim^oo \\<f>\\ S f, 

\\<f>\\ BP ^ESt^ooI^ f* T \\<Kt)\\ p <tt] 1/p - 

The limit lim^oo ||</>||sp always exists (see [21, pp. 72-73], also valid for A-valued 

0)- 

S P b (lX) := {0 G Lf oc (J, A) : ||0|| S p<oo}, 1 < P < oo. 

A function G Lf oc (J, A) is called respectively 
Stepanoff S p -almost periodic, 
Weyl W p -almost periodic, 

TD„„^„ „'-t„!, DO „!™„„J- 
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if and only if there exists a sequence (7r n ) C II (J, X) such that respectively 
IKn ~ 4>\ \sp — > as n — > oo, 
IKn — 0||wj> — > as n — )• oo, 
IKn — 0| I bp — >■ as n — ?■ oo. 

Stepanoff ^-almost periodic functions, Weyl VF p -almost periodic functions, Besi- 
covitch £? p -almost periodic functions for all 1 < p < oo will be denoted respectively 
by 

S*>AP(2,X), W*AP(2,X), B*APQ,X) 
( see [2, p. 76], [21, pp. 71-78], [27, pp. 34-36]). 

Here for A = AP, S P AP, W P AP, B P AP, UAA, LAP ub for simplicity reasons we 
define for J ^ R 

(1.1) A(S,X) = A(R,X)\$. 

For most of these spaces one can give definitions for J ^ R such that (1.1) becomes 
a theorem; for AP{J,X) see [47, p. 96, footnote 11, Satz], but also Example 5.5. 

A function G Cb(J, X) is called asymptotically almost periodic (respectively 
Eberlein almost periodic) if J is a semigroup, H(<f>) = {4> s : s G J} is relatively 
compact (respectively weakly relatively compact) in C(,(JJ, X); here for asymptot- 
ically almost periodic only J 7^ R is allowed. A function G Cb(R, X) is called 
asymptotically almost periodic if / = g + £ with g G AP(R, X), £ G Co(R, X) (see 
[43, footnote (1) p. 521], [68, pp. 14-15]). 

AAP(J,X), EAP(J,X), EAP rc (J,X) 
will respectively stand for the spaces of asymptotically almost periodic functions, 
Eberlein almost periodic functions, i?AP-functions with relatively compact range. 

By the Eberlein- Smulian theorem [39, p. 430], for (p G C(,(J, X), (p Eberlein ap 
is equivalent with: To each sequence (t n ) C J there is a subsequence (t nm ) m€ N an d 
ip G Cb(J,X) such that 4>t nm — > ip weakly in Cb(JJ, X). 
For EAP one has 

EAP(R, X) I J c EAP($,X). 
For closed J see §11 question 19. 

EAP{J, X) is defined only for semigroups J, that is J = R, (cm, 00) or [a, 00) with 
a > ([20, p. 138], X = C, [45], [62], [68, p. 15], [69, p. 424], [9, pp. 12-14]). 

Furthermore for example 

(1.2a) EAP(J, X) I J strictly C EAP{J, X) for J = (a, 00) with a > 0: 

There exists (p G Ch((a, 00), X) vanishing on [2a, 00) which cannot be extended 
continuously to [a, 00); such a <fi G -EAP^a, 00), X). Then gives the "strictly". 
C follows from the definitions with y(f) '■= z(f\(a, 00)) for 2 G [Cb((a, 00), X)]* 

/„ — „i„„ Ton „ 1 /io rpi ™ ^ n ml t — v m\ 
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Whereas one can show 

(1.2b) EAPQ,X)\ J = FAP(J,X) if J = (0,oo): 

Let <p G EAP((0,oo),X) and (t n ) C (0, oo) with t n ->■ as n ->■ oo. Then (0 t J C 
Cfe([0,oo),X) and tn — >■ weakly in C&((0, oo), X). By Mazur's theorem [75, 
p. 130] a sequence (ip m ) of convex linear combinations of {4>t n ) converges to <p m 
Cft((0, oo), X). This implies linv^oo i/v £ Cfc([0, oo), X) showing that cf> can be 
extended by continuity to [0, oo). By the Hahn-Banach and Mazur theorems this 
extension G EAP([0, oo), X). 

Also, one has, for any X and < a < (3 < oo 

(1.2c) FAP([/3,oo),X) = EAP([a,oo),X)\\p,oo) = EAP{{a, oo), X)\\fi, oo): 

Ai := EiP([a, oo), X) | oo) C £4P((a, oo), X) | [0, oo) =: A 2 : 
This follows with " C " from (1.2a). 

A 2 C EAP{[P, oo),X) =: A 3 : 
Follows with y{4>) := z{<f>\\fi,oo)) for z G [C&([/3, oo), X))* . 

A 3 C Ai : 

If / G £MP([/3,oo),X), then / 2/3 G FAP(M + ,X) : If (r m ) C R+, t m := + 
r m G [/3, oo), so there is a subsequence (£ m „) and a, g E W := C b ([fl, oo), X) with 
//3+r m „ ->■ 9 weakly in W\ If now y G £/*, U := C b (R+,X), z(w) := y{wp) 
defines a 2 G W* , so y((f 2 p)r mn ) = y{{fp)p+r mn ) = z(fp +rmn ) ->■ zfo). Since 
/2/3, //3 G £/; with 67 := on [2/3, oo), 67 := #(/3) on [0,2/3) one has G £ U 
and 6^ = # on [/3,oo), so y((f 2p)r mn ) -> showing / 2/3 G FAP(M + ,X). 

Then / 2/3 G 6 u6 (M + ,X) by [69, Proposition 2.1] or [9, Theorem 2.3.4]; this implies 
F G C ub ([ot,oo),X) if F := / on [/?, oo), := /(/?) on [a,/3). If now (s m ) C [a, oo) 
has a subsequence s m „ — >• so G [a, oo), F Smii — > F So even uniformly on [a, oo). 
Else s m — > oo, so there is a subsequence (t n ) with t n > 2(3 for n G N. As above, 
to y G V*, V := Cb([a, oo), X), z(k;) := y{wp- a ) defines a z G VF*, one gets 
y( F t n ) = y(ft n ) = y{{ft n +cx-p)p-cx) = z(f tn + a -p) . Since t n + a - > fi, there 
are a subsequence (t' n ) of (£ n ) and a (7 G PV, both independent of y, with y(F t ' n ) — )• 
z(<7) = y(gp- a ) as above with <7/3_ a G V, i.e. F G £A?([a, 00), X). 

(1.2c), (1.2b) and [9, Theorem 2.3.4] give for any X 

(1.2d) FAP(J, X) C C ub (I, X) for closed J or J = (0, 00). 

For any admissible J and arbitrarily X one has 

AP(J,X) c UAAQ,X) C LAP ub ($,X) ((1.1), [13, p. 119]). 

(1.2e) EAP(I,X)r\LAP ub (I,X) = AP(JJ,X), for J = R or R+, any X: 

This follows with G FAP(J, X) implies = ip + f, where V e AP(J,X), £ G 
FAP (J,X) ([68, p. 18] for J = R, [69, Theorem 2.4] for J = R + ) and FAP (J,X)n 

r /I r> /¥ v\ mi I „ — rio9 „ 1 1 /io n — o Al\ 
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Also, one has (see [62, Example 1]) 

AP($,X) C EAP rc ($,X) C EAP($,X), any X, admissible J, 

(1.2f ) EAP(J, X) C T£(2, X) for any X, admissible J: 

If J = (a,oo) or [a,oo) and / G EAP, then, with J' := [a + l,oo), f\f G 
EAP(f,X) by (1.2c), and, again with (1.2c), f\f = F\f with F G EAP(R+, X), 
C E(R+,X) by [69, p. 425, Theorem 2.4 and Proposition 2.3]. With / G C 6 (J,X) 
one gets / G £(J, X); since EAP(J,X) satisfies (r) almost by definition, / G 
TS(I,X) follows. If J = R, /|R+ G £AP(M + ,X) as in (1.2c), C £(R+,X); 
since then also / G £AP(R,X), /|R + G £(R + ,X); together / G S(R,X), then 
feT€(R,X). 

With (1.2d) one gets 

(1.2/') £AP(J, X) C TS ub (I, X) for X, J as in (1.2d). 

If V(2,X) C L} oc (I,X), we define 
VAP(I,X) := 

F(J, X) + AP(J, X) := {t; + / : u G V(J, X), / G AP(J, X)}; 

y = C (J, X) gives AAP(I, X), 

V = EAP Q (J,X) = EAP-null functions := 

{/ G EAP(I, X) : in weak closure of {f h :he J} in C 6 (J, X)} 

gives £AP(J,X) (see [69, p. 424 ], [68, p. 34], [64, Theorem]). 
Define 

Avo(lX) := {/ G L} oc (lX) : Zimr-oo(l/T) /(*) dt exists, = 0}, 

Av n (I,X) := {/ G Li oc (J,X) : Zzmr^l/T) ||/(*)|| exists, = 0}. 

Then V = Av n (J, X) fl Cb{J,X) gives (J ^ R) Zhang's pseudo-almost periodic 

functions PAP (I,X) ([78, p. 168], [77], [14]). 

Other examples would be (ergodic null functions) 

V = £ n (2,X) := {/ G E(IX) : |/| G £ (J,K)}, 

V = £ n , Mfe (J, X) := {/ G ^ & (J, X):\f\eSo(3, R)}, = 5„ 6 (J, D £ n (J, X). 

If an .4. = .4.(1, K) C L[ oc (J, K) is given, the corresponding weak class is defined by 
(see [2, p. 38], A = AP(R,K)) 

(1.3) VtM(J, X) := {/ G Lj- oc (J, X) : yofe A(I, K) for all y e X*}. 

All the above A except Cq(S,X), C c ($,X) are linear, positive invariant and 
uniformly closed, for VAP see Proposition 7.13. 

This follows mostly from the definitions; uniformly closed for C rc is clear with 
relatively compact = totally bounded in X, for C wrc follows as in [13, p. 119 below, 

e — ri t-\ -t-; — :„ — ± „„„„,.! 
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In the sequel if there is no danger of confusion we omit J, X in referring to any 
of the above classes; for example we write AP instead of AP{J,X). 

Definition 1.1. Let (p G L} oc {2,X), A C L} oc (J,X) or C V'{J,X) andO^heR. 
Define 

(1.4) M h( j>{t):=\^cj>{t + s)ds, tel. 

(1.5) MA := {(p G L} oc (I, X) : M h <P G A for all h > 0}. 
Recursively if k G N 

(1.6) M k A = M(M k ~ 1 A), M X A := MA, M°A :=An L] oc =: A Loc . 

Similarly, we define these means for distributions: 

Definition 1.2. LetT eV(2,X) and A C V{J,X). Define 

(1.7) M h T(ip) :=T(M_ h ip), ip G D(J, K) with ip := on R \ J if J ^ R. 
Set 

(1.8) MA = {T G W(2,X) : M h T G .4. for all h > 0}. 
Recursively if k G N 

fi.Pj .MM := MiM^A) , M X A = MA and M°A = A. 

(1.7) indeed defines a distribution from P'(J, X) if T G £>'(JJ,X). The operator M h 
is linear, continuous and coincides with Mh of Definition 1.1 on L} oc {2, X) since 

J s M h ((j))(s)ip(s)ds = J s (f)(s)(M_ h ip)(s)ds 

for all 4> G LjocCJ, A") and ip G P(J, K) with ip extended by on R \ J if J ^ R. 
For T G V(2,X) and a > also T a G P'(J, X), and commutes with translation, 
M h (T a ) = (M h T) a if h > (respectively a G R if J = R). 

Definition 1.3. For A C £>'(R,X) de/me 

(1.10) V' A (R, X) = {T <E V'(R, X) : T * ip <E A for all ip G V(R, K)}. 

Here (T*p)(:r) := T((^)_ x ) for i € 1 

(see [70, (I, 3; 12), p. 72] or [75, p. 156, (2)]). 

We use Sh := {l/h)x(-h,o)i where X(-h,o) is the characteristic function of the 
interval (-h,0), h > 0; s h := (l/{-h)) X (o-h) h < 0. 

For <j) G L\ oc (2, X) the convolution <f> * Sh is defined on J, G C(J, X) and in this 
sense one has 

(1.11) M hl ■ ■ ■ M hk 4> = {<j> * s hk ) * • • • * s hl on J, for all /*i > 0, • • • , h k > 0. 

For closed J and <j> = (f) on J and := on R\ J, and substituting <f> for in (1.11), 
we can use there the usual convolution, defined and continuous on R. 
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(1.12) M k - X A C M k A respectively M k ~ x A C M k A for all k G N. 

For any ^4 C L^ oc (J, X) or X) and any nGN one has, almost by definition 

(1.13) If / G M n A, g = f almost everywhere on J, then g G M n A. 

Here and later we need the following Doss-condition (see Caracosta-Doss [31], 
Doss [37] and Lemma 2.3, Propositions 2.4, 4.2, 5.1, 8.1, Corollary 2.15 below ): 

Definition 1.4. We say that A C Lj oc (§, X) or C £>'(J, X) satisfies (A) if for any 

4> G L[ oc (J, X) for which the differences A s (j) G A, < s G R, one /ms (0 — Mh4>) G 
^4 /or a// /i > 0; 

A satisfies (Ai) z/ i/ie conclusion holds for h = 1. 

^4 satisfies (A') respectively (A[) if for any T G X) /or which the differences 
A S T G .4. /or all s > one has (T - M h T) e A for all < h e R respectively h=l 
(here both "G" are meant in the distribution sense). 

(A') for .A C C(2,X) implies (A); 

for A C LjocCJ, A") one only gets (</> - M^0) " G .4. a.e" . 
For a converse see Proposition 4.3. 

Proposition 1.5. Let I C M. be an arbitrary interval, Eq > 0, k G No- If then 
for (p G Lj oc (I,X) the difference A h (p G C k (I~ h ,X) for all h G (0,e ], then <fi G 
C k (I,X) (see Remark 1.6 (%)). 

Here I~ h = (a, (3 — h) respectively (a, (3 — h] if i" = (a, /?) respectively (a, /3], 
similarly for [a, /3), [a, /3), — oo < a < (3 < oo. 

Proof. Case /c = 0: For X = K one gets continuity of <fi on (a, /3) by [49, Lemma 
13, p. 224 ] which reads : Assume I = (a, (3) open interval C R, A; G No, 1 < 
p < oo, /:/—?> K Lebesgue measurable, O C R such that for each e > the set 
O H (— e, s) is Lebesgue measurable with positive measure. If then the differences 
A h f G A(I- h ,K) for each heft, then / G .4(7, K). Here „4 can be or C fc 

(among others), I~ h := (a + \h\,/3— \h\) (see also [30, p. 197, theorem 1.3] or [10]). 

If a or (3 G I continuity there follows from the continuity of the A^ch in a 
respectively (3. 

For general X, is weakly continuous on / by the above and therefore locally 
norm bounded. Choose a fixed to such that Iq := [to — s, to + e] G I with positive e, 
then define ip : R — > X by -0 = <p on Iq an d V 7 = <K^o — £ ) left of /o an d ip = (p(to +s) 
to the right; then ip is bound ded and weakly continuous on R. To ip one can apply 
a result of Gelfand [44, p. 237, Satz 1] which implies: If X is separable Banach 
space and / : R — > X is weakly continuous, then the set of discontinuity of / is at 
most of first category (see [75, p. 12, Baire's theorem 2, valid for X-valued x n ]), 
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of /S. to -t n 4> a t t n , so on the interior of 7 (see also [10, Theorem 2.1 (b)]). Continuity 
at eventual end points follows as above. 

Case k = 1: By [49, Lemma 13] for each x* G X* , (x* o </>)' exists and is 
continuous first on 7°, then on 7. Define G(t)(x*) := (x* o (f))'(t), t G I, x* G X*. 
By the uniform boundedness theorem [39, p. 55], G(t) G X**. The definition of G 
gives A^G = (Ah4>y, G C(I~ h ,X) even. We show that 67 is weakly continuous on 
7. Indeed, take y G X***, then y| X =: x* G X*. One has y(G(t + h) - G(t)) = 
x*(AhG(t)) = AhG(t)(x*), — >■ as h — > 0, since 67 is w*-continuous by its definition 
above. This gives weak continuity of G on 7°, then on 7 with A/^ G C 1 (I~ h ,X). 
This implies 67 G Lf£ c (I, X**). The case fc = gives 67 : 7 ->■ X** is continuous. 
Now /i6(t) = J* 67(£+s) ds — f^ A s G(t) ds (with the X**-Bochner integral, existing 
because of continuity), for all < h < Eq, t G 7 _/l . Since A s G(t) G X, by a 
theorem for the Bochner integral (see [50, p. 62, §2, Aufgabe 29]), one gets that 
the second integral is in X = closed linear subspace of X**. With Hille's theorem 
for the Bochner integral ([75, p. 134, Corollary 2]) one gets f Q G(t + s) ds(x*) = 

G(t + s)(x*) ds = tf(x* o 0)'( s + t) ds = A h (x* o (j)){t) = x*(A h( f))(t), x* G X*. 

This gives f Q G(t + s) ds = A h (j){t), G X , t G I~ h . The first equation then gives 
G(t) G X for t G 7°, then t G 7 with A h G(t) G X, one gets G(I) C X. 
Similarly as in the calculations above one shows A h (p(t) = f* +h G(s) ds. Since 67 G 
6(7, X), differentiation with respect to h at h = is possible and gives: the norm 
derivative 4>'{t) exists = 67(£), first from t G 7°, then from 7 with A h (p G 6 1 (7, X) 
and also <j>' = G there. Since 6 is continuous by the above, <fi £ 6 X (7, X). 

Case =>• A; + 1: Obvious. % 

Remarks 1.6. (i) Proposition 1.5 holds also if <p : J — >■ X is only Lebesgue- 
measurable instead of locally integrable (see Lemma 4-19). 

(ii) Lemma 13 [49, p. 224] ( see a ^ so [30, p. 200, Lemma 3.1]) holds also for 
X-valuedf,A:=C k ,Mi c ,W^ c . 

Let / G C U (3,X) and w(t) = 1 + |£|. Set 

(1.14) H/IU := ||/H|oo+ sup te[0>1] ||/ - Alloc 

Proposition 1.7. 

(i) If 4> G L[ oc (J, X) and Ah<p G 6 u b(J, X) /or all < h < some positive £q, then 4> 
is uniformly continuous. 

(ii) 7/0 G 7[ oc (J, A") and A^0 G 6 U (J,X) /or all h> 0, then WAh^/wW^ ->• as 
/*->■ 0, «;(*) = 1 + 

(nzj C U (J, X) endowed with \ \ ■ \ \ u defined by (1.14) i> s a Banach space. 

Proof, (i) By Proposition 1.5 4> G C(J,X). For the J = R, the assumption gives 

A X r— /~1 /¥ V\ C „11 U r- TO J-l J. ^- r> / ¥ V\ U,. Til O 11„„,. C Cl T-C 
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J = (a, oo) 7^ R, A/j0 and therefore can be continuously extended to [a, oo) and 
then to R by 0(£) = <j){a) for t G R\ J, implying A h (p G C ub (R, X) for all < h < e 
for the extension. By the above <j) G C U {J,X). 

(ii) Let G L^JLX) and A h G C U (J,X) for all /i > 0. Then A a (A h (/>) G 
C u6 (JJ,X) for all h, s > 0. It follows that A s (> - = A a (0) - M h A s ((j)) = 
lim n _ >00 (l/n) Sfc = i(A a 0-(A s 0) afc ), G C m6 (J,X) for all /i, s > 0, here s fc = (hk)/n, 
neN. One gets - G C U (J, X) for all < h G J, by (i). Hence = Mi0 + # 
with gr G C U (J, X). Since even HA/^Hoo — > as /i — > 0, one has to consider only 
u := Mi0. Since u G ^(1,1) with u' = Ai0 G C U (3,X), A h u = f£ u'(t + s) ds, 
HAgit'lloo < e for all < s < 5(e). Since u'/w is bounded, one gets |](A/ l 'u)/i(;|| 00 < 
hWu'/wWoo + eWh/wWoo for all for all < h < 5(e). This proves (ii). 

(iii) That || • || u is a norm is obvious. Using (ii) one can show that (C u , \ \ ■ \ \ u ) 
is complete. (The strictly stronger topology of uniform convergence for C u is not 
linear and so is not normable; see also Kolmogoroff 's theorem [39, p. 91]). % 

§2 New classes of vector valued distributions 

In the following we use freely Schwartz's theory for Banach space valued dis- 
tributions; as remarked in [71, p. 30], most non-topological results carry over to 
X>'(J, X). Especially, the convolution S *T is well defined and belongs to P'(R, X), 
if S G T>'(R, K) and T G P'(R, X) or vice versa, and (independently) S or T has 
compact support. This convolution is commutative, bilinear and T*p G C°°(R, X) 
if f G P(R, K). Moreover, one has 

(2.1) (S *T)' = S' *T = S *T'; 

(2.2) (S * T) a = S a *T = S * T a , a£8; 

(2.3) (U*V)*W = U*(V*W), 

if one of U,V,W G P' is X- valued and the other two are K- valued and furthermore 
(independently ) if two of the U, V, W have compact support. 
This can be reduced to the scalar follows: 

If S G V'(R,X), T G D'(R,K) with compact support, then with <p(t) = <p(-t), 

(a) (S *T)((p) := S(T*<p), ipeV(R,K); 

If T does not have compact support, then S has, choose p G Z>(R, K) with p = 1 
on an open neighborhood of supp S, and define 

(b) (S*T)((p) :=S(p-T*<p), (peV(R,K); 
S*T:=T*S, if T G Z>'(R, X), S G Z>'(R, K). 

For X = K this gives the scalar convolution [75, p. 62, Definition 1, p. 156, (2), p. 
158, (8) and Theorem 3]. 
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T * Cp e V(R, K) respectively C°°(R, K) with (T * <p)(t) = T(cp_ t ) for t G R [75, 
p. 156, Proposition 1]. 

In (b) supp S is defined as in the scalar there one has S((p) = if supp <p fl 

supp S = 0, (p G X>(R, K) [75, p. 62, Definition 1, Theorem 1]; this immediately 
shows that the definition in (b) is independent of the choice of p. 
So S * T : D(R, K) — >■ X is always well defined, linear and commutative. 

By Proposition 2.7 below (with (T * 0)0') = T * (<£) (j) ), 

if p n ->• in P(R,K), then 

T * (p n respectively p ■ (T * <p n ) ->■ in P(R, K), 
so S * T 6 £>'(R,X). 

If y G dual X*, by definition one has yo(S*T) = (yoS)*T respectively S*(yoT) 
with yoS respectively y o T G P'(R, K). 

(2.1)-(2.3) then follow from the scalar case ([75, p. 159, (9), (10)]). 

For L z 1 oc -functions distribution convolution is given by the usual Bochner integral. 
With (2.3) and Sh as after (1.10) one can show (see (1.11)) 

(2.4) MhT = T*s h , TeV(R,X), O^heR. 

If we cite a Theorem of Schwartz (for the scalar case), it is understood that the 
proofs work also for the Banach space case and open J ^ R. 

In what follows A will always be a fixed subset of L\ oc {J, X) or V(J,X). 

Lemma 2.1. If T e V A (R, X) , then T' G V' A (R, X) . 

Proof. By (2.1), T' * <p = T * <p' for all (p G X>(R, K); since ip' G D(R,K) the 
statement follows from (1.10). % 

Lemma 2.2. If A is real-linear and positive-invariant, C L\ oc {J,X) or V(J,X) 
tiGN, one has 

(a) ifT eA with J open, then G M n A; 

(b) if T G A and J open with distribution derivative G L\ oc {J, X), then 
T (n) e M n A and T e Wi£(2,X); 

(c) ifF E Ad Wfo™ (§,X), then G M n A (any J; see (1.13)). 

Here for every interval / of positive length and n G N 

(2.5) Wl£(I,X) := {/ G C^il^X) : Z (n_1) locally absolutely continuous 

on I and (Z (n_1) )' exists a.e. in /}, 

= {T G X) : T<») G L^*)} for 7 °P en > 

with Z (n) := where (Z (n_1) )' does not exist, then f^ G L} oc (I,X). 

Proof, (a) ra = 1: M/>'(<^) = T'(M- h <p) = -T((M_^)') = T(^_ h - <p)/h = 



18 



BOLIS BASIT AND HANS GUNZLER 



Since with A also MA is linear respectively positive-invariant, one can complete 
the proof by induction. 

(b) {T G V($,X): G L] oc {J,X)} = W x ' n (S,X) for open J 
follows using indefinite integrals P l g, g = 

T <»). 

If n = 1, T' = g = f as after (2.5), then / - T = constant, so A h f = A h T G A, 
and Ahf = hMh(f') with the fundamental theorem of calculus [53, p. 88, Theorem 
3.8.6], yielding /' G MA. The general case follows by induction with / — T = 
polynomial with coefficients from X, if / G W^(I,X) with f^ = TK 

(c) follows as in (a) and (b), since F' G W^~\S, X). % 

Lemma 2.3. If A C L[ oc (JJ,X) or V'{J,X) satisfies (A 1 ) and neN, then M n A 
satisfies (Ai); if additionally J = R, afeo P^(R, X) satisfies (A^). TTie same ZioZds 
/or (A) instead o/ (Ai), V' A (S,X) then satisfies (A'). If A C £>'(!, X) satisfies 
(A[) (respectively (A')), also M n A satisfies (A^) (respectively (A 1 )). 

Proof. Case : If < h G R, / G L} oc (J,X) with A s / G .M.A for s > 0, 

one gets A s M h f = M h A s f G A By assumption then (M/J - M a M h )f G .4. for 
a = 1 (respectively a > 0). Since with Fubini-Tonelli; M h M a f = M a M h f on J for 
a, h > 0, one get M h (f - M a f) e A or (f - M a f) G MA. With induction, .MM 
has (Ai)) (respectively (A)). 

The case M n A is treated similarly with (A^) (respectively (A')), since if s,h,k > 



(2.6) A s M h T = M h A s T and M h M k T = M k M h T for TeD'(J,I). 

Case X>^(R,X): Assume T G £>'( R 5 ^) with A^T G X>^(R,X), /i > 0, i.e. 
A^(T * ip) = (A h T) * ip £ A for <p G X>(R, K), with T * G C°°(R,X). By 
assumption T * (p — M a (T * <p) e A. Now by (1.7), (2.3) and (2.4) 

(2.7) M a (T * (p) = (T * (p) * s a = (M a T) * (p. 

Together one gets (T - M a T) * (p G A for ^ G £>(R, K) or (T - M a T) G £>^(R, X). 
1 

Proposition 2.4. //A C £>'( R ^)> 
(aj P^(IR, X) C 7V4P^(R,X). 
fo,) If furthermore A is a cone satisfying (Ai), t/ien 
>fp^(R,X) = P^(R,X). 

Proo/. (a) T G A4P^(R,X) means M^T G P^(R,X) or with (2.3) and (2.4), 
(T * s h ) * <p = T * (s h * <p) G A, h > 0, ip G £>(R, K); since s fc * </? G V(R, K) and 
T G T> A (M,X), this gives the proof of the inclusion. 

(b) "C": Let T G V'(R, X) with W h T G P^(R,X), /i > 0. By [71, p. 51, 
Theoreme I] there exists S G X>'(R, X) with 5" = T on R. Since (any J) 
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and since V' A (J,X) is also a cone, A h S G V A ($,X) for h > 0. With (Ai), Lemma 
2.3 and Lemma 2.1, 

T - (MiS)' = (S - MxS)' =: U G V' A (R, X). Now ( also for open J ^ R) 

(2.9) (M fl S)' = M fl (S'). 

Hence T = (MiS)' + *7 = Mi(S") + £/ = MiT + t/ G £>^(R,X). 
"D" follows by (a). 1 

The monotonicity of the M^-operator gives 

Corollary 2.5. 7/^4 is as in Proposition 2.4 (b) with A* X>(R, K) C ^4, one /ias 

Corollary 2.6. For A as in Proposition 2.4 (b), one has 

V' MnA (R,X) = V'~ n jR,X) = M n V A (R,X) = V' A (R,X), n G N . 

Proof. The definitions, (2.4) and (2.3), since M n A n Lj oc (R, X) = M n A(R,X). % 

In the following (see [71, p. 72, Theoreme IX]) 

U C W($,X) bounded means sup{||T(p)|| : T G t/} < oo for each G P(J,K), 

£> K := V K Q, K) := {</? G P(J, K) : supp <p C K}, 

IMIoo.m := Ejlo su P^ej|</? (j) (20l- 

Lemma 2.7. If U C V($,X) is bounded and K C J is compact, then there exists 
m G N wit/i 

||T(v?)|| <m||v?||oo,m forallTeU, <peV K (J,K). 

Proof. It is enough to find some ball i^, m , e = {y? G X>k : ||</? — V'lloo.m < £ } with 
sup {||T(</?)|| : T G U, ip G m £ } < oo. Assuming this not to be the case, for 
K = K = K ,o,2 there exists Ti G U, V>i G #0,0,1 with ||Ti(V>i)|| > 1 + 1. By 
[71, Theoreme XX p. 82] there is a ball K x = K^ umu£l C K with ||Ti(^)|| > 1 
on K\. Recursively one finds T n G U, ifj n G ^i^, m n , e n > with m n — >■ oo, 
e n ->• 0, K n = K^ njTnn!Sn C K n _ x and ||T n (<p)|| > n for cp G K n . The completeness 
of T>k gives -0 G X>k with ^ n — > if;, then -0 G n^ =1 K n . But then ||T n (^)|| > n, 
contradicting the boundedness of U. % 

Lemma 2.8. If F n (t) := t n_1 /((™ - 1)0 for t > 0, := for t < 0, n G N, i/ien 
Fi n) = 5, = F n in V'(R, R) and for T G V'(R, X) there exist 7, ( n G £>(R, R) 

roit/i 

^.iS; T=(( 7 F n )*T)( n ) + C„*T, neN. 

Proo/ 0/ (g.igj. (See [71, (VI.6.22), p. 191]) : Choose 7 G £>(R,R) with 7 = 1 in 
a neighborhood of 0, Cn := $ - ( 7 Fn) (n) - Then (1 = 5 - - 7'Fi = - 7 'Fi G 
P(R,R). Inductively Cn+i := 6 - (7^+1 + 7 'Fn+i) (n) = 5 - ( 7 F n + 7 'Fn+i) (n) = 

Cn-lfFn+O^^^R^)- 1 
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Proposition 2.9. V' L ^(R,X) = V' Cb (R, X) = V f c jR, X) = V'^^X) 

= (V L i)'(R,X) \V(R,K). 

Remark. Our T>' Loo (R, X) of Definition 1.3 is a priori different from the 
(V' Laa )(R,X) = (V L i)'(R,X) of [71, p. 200]. 

Proof. Last "D": If T : V L i(R : K) — > X is linear and sequentially continuous, 
the standard contradiction argument gives mo G N so that, with ||</?||i,m := 

E m o II (i) 1 1 
j=0 WV 'W^i^K), 

(2.13) \\T((p)\\ < m |b||i, mo , for all tp G V L i (R, K). 

With this, T * = T((^)_ x ) is bounded in x G R for fixed ip G X>(R, K), so 
TeV' Loo {R,X). 

Since T * v? e C°°(R,X) if p G P(R,K), (T*v?) (n) = T* (v? (n) ) and £> Loo (R,X) C 
C uh (R,X) C C 6 (R,X) C L°°(R,X), the first three equalities follow. 
For V L oo (R, X) C (P L i)'(R,X) weshow, foryl C (see [71, p. 201-202]): 

If .A is C^-uniformly closed, C X^oo (R, X), then to T G D^(R,X) there 
exists F,GeAn C(R, X) and n G N with 

(2.14) T = F + G (n \ 

With (2.12) one can take F = ( n * T G A H C°°(R, A"), it remains to show that 
{^F n ) *T £ A for suitable n (7 is independent of n): 

U := {T x : x G R} is bounded in V'(R,X), since T x (<£) = T{(Cp)_ x ) = (T*(p)(x) 
is continuous in x, C L°°(R, X). If supp 7 C [—a, a], to U and _KT := [—a — 1, a + 1] 
there is m with (2.11) by Lemma 2.7. Choose n := m+2, then F n G C m (R, K), supp 
7-F n C [—a, a]. Therefore there exists (cpj) C T>k(R, K) with \\<pj — 7-F n ||oo,m ~ ^ 
as j — > 00. (2.11) shows that (T * (Pj)je'N is Cauchy with respect to uniform 
convergence on R, so by the assumption on A one has T * ipj — > G G A, uniformly 
on R, G G C 6 (R,X). 

One has (7F n ) *T = G: For this ((7-F n ) * T) * </? = G * </? for </? G V(R, K) is enough. 
Now (T * f j) * if — > G * (p (uniformly) on R, </?j — >■ 7.F n uniformly on R implies 
i>3 := <pj*<p ->• ( 7 F n )*^inP(R,K), so ((T*^)*^) = (^*^)(^) = T{$j)- X ) -> 

T((( 7 F n * )_*) = (T * ( 7 F n ) * ^))(x) = (((7FO * T) * <p)(x) for each iGl. 
This gives the desired result G * ip = {{^fF n ) * T) * ip, and so (2.14). 
Since L°°(R, X) C (V L i)'(R, X) and the latter is closed with respect to differenti- 
ation and addition, (2.14) for A = L°°(R,X) gives 

V' Lao (R,X) C (V L i)'(R,X)\V(R,K). 1 

The extension process ^4 — >■ P^(R, X) is iteration complete: 

Theorem 2.10. If A C V'(R : X) is closed under addition, then V' v , (R, X) = 
V' A (R,X). 
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P(R, K) * P(R, K) C P(M, K). 

"C": If T G P^, (R,X), (T* if) * i> = T* (<p * ip) G A for all (p,if) G P(R,K). 
By [66, Theorem 3, p. 554] (see also [42, pp. 584, 587], [36]) one has 

(2.15) P(R, C) = P(R, C) * P(R, C) + P(R, C) * P(R, C). 
This implies 

(2.16) P(R,R) = X^P(R,R) *P(R,R). 

By the above and the assumption on A, T * ip G A for all ip G P(R, K), i. e. 
TeV' A (R,X). % 

Remark. For A as in the following Theorem 2.11, Theorem 2.10 can be shown 
directly without [66], using an analogue to Lemma 2.7 forT*ip*ifj, T G V' v , (R,X). 

Theorem 2.11. If A C V Loc ,(R, X) is C°° -uniformly closed, closed under addition 
and A*V(R, K) C A, then for T G V'(R,X) the following statements are equivalent: 

(a) T G W A (R,X), i.e. T * if e A for each <p G V(R,K) ; 

(b) there exist F, G G An C(R, X) and a nonnegative integer n G No, swc/i i/iai 
T = F + G^ n ' (distribution derivative) ; 

(c) there exist m G N, kj eN , Fj eA with T = F^ kl) H + F^ m) ; 

(d) T G (V L i)'(R,X) and there exists (0 n ) neN C .An C°°(R,X) wito n ->■ T in 
(P L i)'(R,X); 

fej t/iere exzste (0 n ) C A : 

4> n — >■ T uniformly on each U with U C P(R, K), {7 bounded in V L i(R, X); 
(f) T G c/oswe o.M m (P L i)'(R, X). 

Remark 2.12. Theorem 2.11 becomes false if A is not C°° -uniformly closed: 
V' Cc (R,X) ^ (P L iy(R,X)-cZoswe ofC c (R,X), = V' Cq (R,X). However one can 
show directly 

V V (R,X) = V' Cc (R,X) = {T G V(R,X) : supp T compact } = £'(R,X) (see 
[75, p. 62] for the case X = C). 

Proof of Theorem 2.11. (a) =>• (b): This has been shown in the proof of (2.14) 
above; the assumption V A (R,X) C V Loo (R, X) needed is now fulfilled, since A C 
V LOO (R, X) implies V' A (R, X) C P^, ^ (R, X) = P^ (R, X) by Theorem 2.10. 

(b) =>- (c): trivial. 

(c) =>• (<i): Since A is closed under addition, one can assume T = F^ k \ F G A. 
Then n = T * p n = F * again G A, < p n G P(R, K), J R /9 n (x) dec = 1, supp 
p n C [-(l/n),l/n]. With A C P^oo (R, X) , 

Lemma 2.1 and Proposition 2.9 one can assume T G (P£i)'(R, X). Assuming U 
bounded C P^i(R, K), one has to show uniformly in ip G U, 



22 



BOLIS BASIT AND HANS GUNZLER 



since T satisfies (2.13) by the proof of Proposition 2.9, it is enough to show \\p n * 
— ¥?||i,m — > uniformly in ip G U. But this follows with %p = and a = 1/n 
from 

\\p*ip -ip\\ L i < 2a||p||i,i||V' / ||i,i if supp p C [-a, a], 
ip G C^MjK) with ip,ip' G L 1 (R,X). The ^-inequality one gets with 

ip(x) — ip{x — t) = f*_ t ip'{s) ds = f_ t ip'(x + s) ds and twice Fubini-Tonelli. 

(d) =>• (e): obvious. 

(e) =>• (a): Since L/^, = {(</?)_ x : x G R} is bounded in T> L i(R, K) for fixed 
G P(R, K), n *</?—> T * ip uniformly on R, so T * ip G A by the assumption on 

A. 

(d) =>- (/): obvious. Here T E A means that there exists an extension T G 
(V L i)'(R,K) with f G A 

(/) =>- (a): By the definition of the topology of (J^l 1 )' above, for <p G P(R, K), 
to t/^ = {(</?)_ x }, e n = 1/n there exists F n>ip G ^4 with |-F n)93 * <p — T * <p>\ < e on R, 
* G A 1 

Corollary 2.13. 7/^4 is as in Theorem 2.11, one has 

V' A (WL,X) = A (closure of A in (V L i)'(R, K) =sequential closure of A 
(here "sequential closure" means (d) of Theorem 2.11)). 

Corollary 2.14. If A is as in Theorem 2.11, and A C U C V' A (R,X) then 
V U (R,X) = V A (R,X). 

Here A = {Ejli <t>j *<Pj--meN, fa G A <Pj e Z>(K, K)}, C .4. n C°°(M, X). 

Proof. If T G £>^(R, X), one has T = F + G (m ) with Theorem 2.11 (b), F, G G A 
soT*</? = F*v? + G (m) *y? = F*v? + G* V? (m) , e4^£ D(R,K). This means 
P^(R,X) C P^ o (R,X), C since A C A so V' A (R,X) = V' A ^(R,X). 

Then A C U C £^(R, X) gives 

V' A (R, X) = V' A ^ (R, X) c £^(R, X) c X>^ (R, X) = V' A (R, X) 
with Theorem 2.10. 1 

The special cases t/ = .M"A or £/ = .M™A follow already with Corollary 2.6 for 
more general A. 

Corollary 2.15. If Ad V Loo (R, X) is real linear, positive-invariant, C°°- uni- 
formly closed, A * P(R, K) c A, A C .M.4 and if (Ai) J /io/ds /or A £/ien 

^.17j ^(R,^) = U£° =0 M n A 

This implies, for A as in Corollary 2.15, since 

(2.18) M n A n L^g, X) = .M n [„4 H L[ oc (J, X)] = M n A for n G N, 

/o i n\ TV /in v'i n rl /ttd v"\ 1 100 i/n /I i/rO/l /I n rl /tco 
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Proof. If T e V' A (R,X), with Theorem 2.11 (b) one has T = F + with 
F,G e A. Ac MA C MA implies A C M m A, then F e M m A; since also 
q(™) e by L emma 2.2, and M m A is with A real linear, one gets T G M m A. 

Conversely, A * D(R, K) C „4 implies i C ^ M n A C M n £>^, = V' A by 
Proposition 2.4, with (Ai). t 

Special cases (for ^ see §1 or [13, p. 132, (3.3)], L°° C S%): 

(2.20) .4 C S%(R, X) with some 1 < p < oo, „4 C°°-uniformly closed, 

A * V(R, K) c A implies „4 C MA. 

(2.21) ^4 C S£(R, X), ^4 linear, invariant, uniformly closed, 

.A C .M.4 implies A*V(R,K) cA. 

For a Theorem 2.11-analogue for <S'(R, X) we need 

(2.22) V(S,X) := {/ G C(J, X) : / = 0(|x| n ) as |x| ->■ oo for some 
71 G N}. 

With tyfc(^) = (1 + x 2 ) fc / 2 for x, k G R one has 

(2.23) 7>(R, X) := {a«; fc : <? G C h (R, X), k G N}. 

The topology of <S(R,X) is given by (see [71, p. 234, (VII,3;2)]) the seminorms 

(2.24) IMU.m := E7=o ll^'Wlloo, m, k G N . 

Theorem 2.16. If T G X>'(R, X) i/ie following statements are equivalent: 

(a) T <E Vp(R, X); 

(b) T * ip e S'(R, X) for each <p G V(R, K); 

(c) there exist F G V(R 7 X), m G No with T = F^ m > (distribution derivative ); 

(d) there exists m G N with \\T((p)\\ < rn \\<p\\ Wrriojmo for all <p G X>(R,K); 

(e) T G S'{R,X)\V(R, K); 

(f) there exist (S n ) neN C S'(R,X) with S n (ip) ->■ T(p) /or p G X>(R, K) 

and (S n (i/j)) is Cauchy in X for each tj; G S(R, IK). 

Remark. If (f) holds, then S n — )■ T in i/ie <S'(R, X)- topology (i.e. uniformly 
on U, U bounded C <S(R, K)j roi^ T G <S'(R, X) = unique extension of T ; even 
D(R, X) is sequentially dense in <S'(R, X). 

Proof. (For X = C part of this theorem is shown by Schwartz [71, Theoremes IV, 
VI, pp .238-241, 244-245]): (c) => (d) (e) u (d) for (p G <S(R,K)" (a) (6) 
follows as in [71, pp. 238-241] respectively the proof of Theorem 2.11 with (for 
(d) =► (a)) 

(2.25) w k (x + y) <2 k / 2 w k (x)w k (y), x,yeR,k>0. 

(b) =>■ (a) follows from (e) =>- (a) and Theorem 2.10 with A = V. 

(d) (/): S n := T * p n G P(R, X) C <S'(R, X) by (d) (a), p n as in the proof 

„t j-1 ™ oil „ > . _ :„ tVhd nr\ „;,.„„ c > t — T"i/"in> nr\ to ^./.^ n„ u„. 
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By (d) (e) there is S G S'(R,X) with S\V(R,K) = T, one has for ip G S(R,K), 

Pn = Pn; 

Sn(ip) = (S * p n ) * ip(0) = S * (p n * tp)(0) = S(p n * ip) by associativity (2.3) for 
U G S'(R, X), V, W G 5(R,K) ( for X = C : [71, Theoreme XI, p. 247-248]). Since 
p n * V ->■ V> in 5(R,K) by (2.26) below, S n (V>) ->■ S(^). 

(2.26) «; fc (x)||V(x) - < 3|x-y| • ||Vlk,2, 

x,y eR, \x -y\ <1, e C 2 (R,X), k>0. 

(/) =>- (<i): Lemma 2.7 and its proof hold also for U bounded C S'(R,X), with 
||(-)lloo,m replaced by ||(-)IU m ,m and V K by <S(R,K), U bounded meaning sup 
{\\S(ip)\\ : S G U} < oo for each V G S(R,K). This gives (d) for all S n instead of 
T, v? G <S(R, K) and so (d) for T. 

(a) =>- (c): This is the main part of Theorem 2.16, we give a proof different from 
Schwartz [71, p. 240-241, case X = C] and shorter: 

For fixed compact K C R and n G N, define V n := {tp G V K (R,K) : ||(T * 
V?)(x)|| < nw n (s), x G R}. (a) and (2.23) give V K := V K (R,K) = U™ =l V n . The 
V n are closed in T>(R, K), since T G P'(R, K). X>^ being complete metric, by 
the Baire category theorem there are n a , e a > 0, <p G D^, with {cp G : 
\\<p-¥o\\oo,m < £o} C K - With suitable c this gives ||T*<p|| < cWn^x^cpW^^, 
<p G T>k- Choosing n = m + 2, 7, K and </?j G as in the proof of (2.14), 
one gets (T * ifj)/cw no — > some (7 G Cb(R, X), uniformly on R, or (T * <p_j) — >■ 
cw n o g ='■ G G "P(R, X), locally uniformly on R. As in the proof of (2.14), one shows 
T * ( 7 F n ) = G. Lemma 2.8 gives T = F + G< n ) with F,G e V(R, X). Now with 
/ G P(R,X) also the indefinite integral Pf G P(R,A"), so H := P n F G V(R,X). 
Hence T = #( n ) + G {n \ This gives (c). 1 

Corollary 2.17. If A is as in Theorem 2.11 and T e V'(R, X), T e V' A (R,X) is 
also equivalent with 

(g) there isfe S'(R, X) withf\V(R,K) = T andf*^ G A for allip G S(R,K). 

Proof. V' A (R,X) C V'jy, ^ (R, X) = V' Loo (R, X) C «S'(R, X)| P(R, K) by Theorems 
2.10 and 2.16. Since D(R,K) is dense in S(R,K) and .4. is C°°-uniformly closed, it 
is enough to show that HT*^^ ->■ if (<p n ) C D(R,K), <p n ->■ in«S(R,K). This 
follows from Theorem 2.11 (b) for A = L°° since ||<p (m) ||.Li < (JZo w) IMU,m 
for if G D(R,K). 1 

§3 Mean classes 

In this section we discuss mainly the relation A C AAA and give various ex- 
amples. Concerning the definition of the mean class A4A, if A is real-linear and 
positive-invariant C L} oc {J, X), for / G M.A one of the following is sufficient : 

( „\ ul t A\ r !, ^ n. T\/r I t\ r- A ~\ u„„„„ — ; 
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(b) H(f,A) contains two rationally independent a, b, provided additionally A is 
uniformly closed and Pf G C U ($,X), e.g. / G S%($,X) with 1 < p < oo. 

(c) Mh(f) G A for just one positive fto, provided A is a A-class with e.g. (X u &) 
and P/ uniformly continuous (see (b)); a special case is A = AP(R, X) with cq G" X. 

This is a kind of Tauberian theorem: namely, Mh(f) = f * Sh G A for some ft = fto 
and / G (e.g. L°°) implies / * Sh G ^4 for all ft > (see e.g. [19, p. 130, Wiener 
Tauberian Theorem]). 

A X-class means here A is a closed linear subspace of C u b(I,X) which is Cub- 
invariant under translations and multiplication by characters 7^ and contains the 
constants (see [13, pp. 117-119]). 

To see this, we first note, for convex and positive-invariant A C L} oc {J, X), that 

(3.1) H(f, A) is an additive semigroup. 
This follows from 

(3.2) M h+k (f) = (hM h (f) + k(M k (f)) h )/(h + k), ft, k > 0. 

The assumptions of (a) and (3.2) give (0, e) C H(f,A) with positive s, then 
H(f,A) = M+ by (3.1). 

To get (b), by the assumptions it is enough to show that H(f,A) is dense in 
R + . Now by the Kronecker approximation theorem ([52, p. 436, (iv)]) to t > and 
< e < t there are integers m, n with \ma + nb — t\ < s, so ma + nb > 0. One 
can assume m > 0; if n > 0, ma + nb G H(f, A) by (3.1); if n = — I < 0, (3.2) with 
ft = ma — lb and k = lb gives ft G #(/, «4), H(f, A) is dense in R + . 

The uniform continuity of P/ for f £ with p > 1 follows with Holder's 
inequality. 

For (c) one can use [13, Theorem 4.1] : M ho (f) =: F G A implies F G Wj£ and 
A h(j f = F' a.e., G MA by Lemma 2.2(c). this is an equation of the form (1.1) of 
[13] with n = (admissible) and m = 2, the determinant condition in Corollary 2.6 
of [13] is here — 1 + 7/j ^ 0, obviously true. 

Theorem 4.1 of [13] can be applied with k = 1: the needed / G .MC^ is 
equivalent with Pu G C u by Proposition 1.7 (i); right side = F' G A^ 1+1 ^l holds 
since P' G and ^4. C A^^4 for A-classes by Corollary 3.3 below, implying 

MA C M 2 A. 

AP(M, X) is obviously a A-class, it satisfies (L ub ) by a result of Kadets if c is 
not isomorphic to a subspace of X (see[13, p. 120], (PI) there = (L ub ) now). 
Instead of (L u &) other assumptions are possible, see the end of section 9. 
The proof shows that in (c) already Mh (f) G MA suffices for / G MA. 

For a given class A C L} oc (S, X) one always has, with Definitions (1.4)-(1.9), 

K ATI A t — \ ATI A „^T\T 



26 



BOLIS BASIT AND HANS GUNZLER 



If moreover A C MA, then A C L] oc (J, X) and 

(3.3) Ac MA CM 2 Ac ••• cM n Ac ••• 
.A c A1A c M 2 A c • • • c .MM c • • • . 

The assumption A C MA does not always hold: 

Example 3.1. There exists an infinite- dimensional invariant closed linear sub- 
space A e C Cb(R, C) fwd/i i/ie sup-norm), for which A e is even perpendicular to 
MA e , i.e. A e n MA e = {0} =i e nC u (l,C): 

If *4. e = smallest such subspace containing g(t) = e lt2 , one has 

(3.4) A e = APg = {(fig : (fi G AP(R,C)}. 

(3.5) ^ f e A e , h > implies M h f(t) ^ as |t| -> oo, but / -fr 0. 
Here (3.4) is clear; in M^/ — >■ one can assume / = 7^(7 or <7 W , then Mhf — >■ 
follows with integration by parts; f = (fig E Co implies (fi — > 0, then the Fourier 
coefficients c w (0) = for w G K, then = 0. 

All this extends to AP(J, X)g, with arbitrary J, X. 
Similarly one gets (A e * V(R, C))ni e = {0}, so A e * V(R, C) £ A e . 
A simpler (non-complete) example would be 

A = C c ((0, 00), X): MA = {/ = a.e. on (0, 00)}, 
C ((0,oo),X), 0(e* 2 ) (see before Proposition 4.10), 
X + A e , X + PA e (see after Corollary 4.22). 

Sufficient conditions for A C MA are given by 

Proposition 3.2. Assume A positive-invariant convex C L\ oc {J,X), let L be the 
linear hull of A and C(J, X) in L} oc (J>, X) and || ■ || : L — > [0, 00] satisfy (0 ■ 00 = 0) 

\\f + g\\< 

Il/H + \\g\\, ||a/|| = \a\ • 11/11, ||/ a || < \\f\\ for f,g e L, < a G R, and 
\\Mh<f> — <fi\ I — > as < h — > 0, (fi G A; assume furthermore A closed in L with 
respect to \ \ • \ \. 
Then A C MA. 

Proof. (|| • || need not be finite on A or L): For / G A and h > one has Mhf G 
C(J, X) C L C L] oc (J, X). With m G N, 5 := h/m, Sj := jS, < j < m, one gets 

\\M h f - ET=o fs 3 ■ (l/m)|| = HlAE^o 1 ^ 1 " 4- ' 5)11 = 
1 1 ^7=0 iLUo ft dt - Sf) 8j 1 1 < (1/m) Er^To 1 \\ M sf ~ f\\ = \\M s f - f\\. 
Since ||M<$/ — f\ \ — > as m — > 00 and EJl't) 1 /sj/ m e -4-5 one g ets ^/i/ £ A- 1f 

Corollary 3.3. If A C C U (J,X) is convex, positive-invariant and uniformly closed 
then A C MA. 
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Examples 3.4. Let A = X, P T , AP, AAP, EAP rc , EAP, UAA, LAP ub , TS ub , 
Sub, C urc , C uwrc , C ub , C u . Then for any J, X one has 

A c MA c M 2 A C • • •; 
for closed J this holds also for Co, C c . 

For these A also A*V(R,K) c A if I = R by (2.21). If A = A(2,K) C MA, also 
WA c MWA C • • • . 

Example 3.5. Proposition 3.2 can be applied to A = S P AP, W P AP, B P AP, 
1 < p < oo, any J and X , with \ \-\\sp respectively \ \ ■ \ \wp> respectively || • \\bp- For 
these also A * V(R, K) c A if J = R. 

Indeed, these || • || satisfy the conditions in Proposition 3.2, \\Mh4> — 4>\\ — > as 
h — > follows from the approximation theorem for the As using ||M^/|| < c p • \ \f\\ 
(see [50, p. 251, (42)]; see also [21, pp. 71-78], [27, pp. 34-36], [74, p. 14, Lemma 
8]). 

Furthermore, 

(3.6) AP C S p AP C S X AP C MAP strictly if 1< p < oo. 
The three "c" and the "strictly" for the first two follows from the definitions. 
An / e MAP(R,R) n C°°(R,R), -1 < / < 1, but / £ S 1 AP(R,M), is given by 
/ == EZ2 hn, with h n e C°°(M, [-1, 1]), ^EOon [-2""\ 2™" 1 - 1], 
h n with 2 n " 2 oscillations on [2 n " x - l^ 71 ' 1 ] as sin(2 n - 1 7r(t - 2"" 1 )), 
h n period 2 n . 

Since even h - f £ S 1 AP(R,M), g := /' e .M 2 AP(IR, R) fl C°°(R, R) fl 2}p P (R, R), 
# £ MS 1 AP(R,R). See also [13, (3.8)]. 

Examples 3.6. Direct calculations give A C MA also for 

A = C b (I,X), L°°(2,X), L p (I,X), S P (I,X), £(2,X), £ (2,X), any I and 
X, 1 < p < oo, and 0(w) of Proposition 4. 10 if w e MO(w), e.g. w = t r or e rt 
with real r. 

L P (J, X) C ML P (2, X) follows with the continuous Minkowski inequality [50, p. 
251, Aufgabe 92 before (42)]. For T£ , TS see Proposition 7.1. 
The chains (3.3) can be finite: 

Example 3.7. For any n e N one has A C MA - ■ ■ C M n A = M n+1 A = ■ ■■ if 
A = Wfo™(2,X), and all inclusions here are strict (see also Corollary 4.6). 

Proposition 3.8. For the real-linear positive-invariant A C C U (2,X) assume 
AP(2,X) cAc MA. Then all " c " in (3.3) are strict. 

Proof. Since M h \L] oc {2, X) = M h of (1.7), (1.4), one has for any A C L} oc {2, X) or 
WQ,X) 

ro T\ A Ani A \ I \ An \\ I \ Aril A \\ c — „„.. „ ^- f\T 
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U Loc :=UnLl c (lX). 

Since M n ~ x A C M n A, M n ~ 1 A C M n Abj (3.3), we have to prove only M^A ^ 
Ai n A, n G N. For this, choose pairwise disjoint open intervals I n C [0, 1] of length 
\I n \ < 2_n 5 then g n G C°°(R,R) with period 2n + 1 and # n ^ in [-n,n+ 1] 
only in n + I n , with ||# n ||oo = 1 and f n+In g n (t) dt = 0. With f n := Pg n of period 
2n + l and / := £n=i /n one has / G C°°(K,K), ||/ n |U < |/ n |||<7n||oo < 2"", so 
/ G AP(R, R), with /' = X)nLi ll/'lloo = 1- /' is n °t uniformly continuous on 
[0, cx)) since /' = g n on n + I n , \I n \ ->■ 0, but sup n+ /„ |# n | = 1. 
With ^ a G X, F := a/| J G AP($,X) C .A; so P( n ) = af^\ J G JW n „4 by 
Lemma 2.2. P( n ) £ M n ~ 1 A: Else with (1.11) one has h x ■ ■■h n _ 1 af^ * s hn _ 1 * 
■■■*s hl = af * (A^S) (A hl S), = G * A hl 5 = A hl G on J, with G = 

af * (A/ ln _ 1 <5 * • • • * A^) | J, and A hl G £ A C C u (l X). 

Since /' is bounded on R, G is bounded on J and A/ ll G G C u b(J, X) for all hi > 0. 
By Proposition 1.7 (i) G is uniformly continuous on J. Inductively one gets : af\J 
is uniformly continuous on J, a contradiction, % 

Examples 3.9. The conclusion of Proposition 3.8 holds for A = AP, AAP, 
EAP rc , EAP, U AA, LAP u i, 1~£ u b, £-ub; C urc , C uwrc , C u b, C u , any J, X. 
This conclusion holds also for A = S P AP($,X), 1 < p < oo, since 

M^AP^.X) C M n ~ 1 S p AP(3,X) C M n AP(I,X), by [13, Corollary 3.6 
respectively (3.8) hold also for J ^ R], M™' 1 S P AP(J, X) = M n S p AP(J,X) 
would imply M n S p AP(J,X) = M n+1 S P AP(J, X), and thus M n AP(J,X) = 
M n+1 AP(^X). 

Corollary 3.10. The conclusion of Proposition 3.8 holds also forWAP(J,X). 

Proof. If / G WAP($,X), f is weakly continuous on J; thus / G L} oc ($,X) and 
y(M h f) =M h (yof)e AP(J,K) for all y G X* (Example 3.4, [50, p. 52, Satz 3]); 
so WAPQ,X) c MWAPQ,X), (3.3) holds. IfneN, choose G M n AP(J,K) 
with £ A^" _1 AP(J,K) by Proposition 3.7. Then if ^ a 6 J and / := a0, one 
has / G JW n WAP(J,X) but / £ ^t n_1 >VAP(J, X) because for any : J -> K, 
^ a G X, n G N , ^(J,X) C J x , .4(1, K) C J K with y(A(I,X)) C *4(JJ, K) and 
X ■ A(S, K) C A(S, X) for y G X* one has 

(3.8) acf) G 7W n ^(J, X) <^ a<fi G .M n HM(J, X) ^ 4> G A4M(J, K). 1 

Remark 3.11. One can show that the codimensions of 

M n ~ 1 A in M n A and M n ~ x A in M n A 
are infinite for all n G N, A as in Examples 3.9 (except S p AP(J,,X)) or Corollary 
3.10. 
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Lemma 3.12. If U,V C L] oc (3, X) satisfy A C MA the same holds for U + V, 

unv. 

This follows immediately from the definitions, for any J, X. 

Example 3.13. A = VAP = V + AP satisfies A C MA ifVcMV. 

So Zhang's PAP [77-78] satisfies PAP C MPAP, for any J, X. 

Here PAP = V + AP with V = C 6 (JJ, X) n Av n (J, X); 
with Lemma 3.12 and Example 3.6 one has to show Av n C MAv n , where 

Av n = {fe Lj oc (l X) : 1 £; +T ||/( a )|| efe as T oo}; 

but this is obvious with Fubini's theorem. 

Contrary to Example 3.1 with e 1 ^ replaced by ^(t) = e lujt , one has 

Remark 3.14. If A C L} oc {J,X), A has (A), is C MCb, and linear positive- 
invariant uniformly closed, then 7^*4. C M^^A) for each uel 

We omit the proof, this is not used in this paper. 

§4 The (A) Condition 

The (A) condition introduced in Definition 1.4 was already essential for the 
results of section 2. It is also important for a characterization of the M n A (§5) 
and for Fourier analysis (§8), also for the "A-spaces" which will be introduced in 
a later paper. Here we show that all the A's important in applications satisfy (A), 
usually this is non-trivial. 

A first application of (A) is 

Theorem 4.1. Assume A linear, positive invariant, C L ; 1 oc (J, X) with (A). If 
y, y m) e A, then y^ e A, < j < m. 

This is an extension of the classical Esclangon-Landau result, which was needed 
in the study of ap solutions of linear differential equations (see Bohr-Neugebauer 
[29]) and which reads: If y e C n (J,C) is together with Ly := y^ + J^" 1 aj yW 
bounded on J (with bounded aj), then the y^ are bounded too for < j < n ([58, 
p. 177, Satz 1], see also [51] and the references there). Theorem 4.1 extends this 
from Cb or L°° (at least for Ly = y^) to quite general A by the results of this 
section and §7. Extensions to solutions of linear differential-difference systems are 
possible, this will be treated in §10. 

Proof, m = 1: trivial. 

m =^> m + 1: y( m+1 ) e A, positive invariance and linearity give y^ +1 ^ —y^ m+1 ^ e 
A for all h > 0; then (A) gives y( m+1 ) - M h y ( - m + 1 ^ e A for all h > 0. This implies 
M h y( m +V = y { ™ } - g A for all h > 0. Set z = z(h) = y h - y, h > 0. One 
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< j < m, h > 0. By (A), y' - M h y' = [y' - (y h - y)} G A, also if m = 1. 
This implies y' G A. One has y', (y')^ G A and the induction hypothesis implies 
y" . . ■ y( m ) g A. 1 

Proposition 4.2. 7/^4 C C U (J, X), condition (A) holds for A provided one of the 
following conditions is satisfied: 

(i) A C C u b(3,X), A Q- convex and uniformly closed. 

(ii) A C C M b(J, X), ^4 is a group under addition, A C .A4.4 and (L u &) /lo/ds /or ^4. 
fiiij .4 is a group under addition, A C .A4.4 ana 7 (L u ) Zio/ds /or .4. 

Proo/. (i) Let G £[ oc (JJ, X) and A/,0 G A, for all < h G R. Then G C U (JJ, X), 
by Proposition 1.7 (i). It follows (p — M h (f) = lim n _ >00 (l/n) X)fc=i(0 — 0s*) uniformly 
on J, where = (hk)/n : n G N. By the assumptions on ^4, (1/n) X^aUi^ — ^sfc) e 
^4. Since ^4 is uniformly closed, (p — M h (p G A. 

(ii) Let G L^ oc (J,X) and A fe G A for all < h G R. Then A h (M 8 (j)) = 
M 8 (A h <t>) e A, < h, s G R by A C .MA Since .4 is a group,A^(> - M s </>) = 
A^</> - M s (Ah</>) G ^4, < /i, s G R. This implies 4> - M s </> G ^4 by (L ub ) for all 
< s G R, since - M s G C u6 (J, X) by (i) for C ub (J, X). 

(hi) Let 4> G L[ oc (J,X) and A s (p e A C C U (J,X), for all < s G R. Then 
A h (A s 0) G C u6 (JJ,X), 0</i,s6l, since ^ G C U (J,X) implies A h ij> G C u6 (J,X) 
for h > 0. So, by (i) for C ub (J,X) and A s one gets A s (0 - M/^0) = A s (p - 
M h {A s 4>) G C ub (J,X), < ft, s G R. Proposition 1.7 (i) gives ij; := (j> - M h <j) G 
C U (J, X); by the assumption on A also A s -0 G ^4, s > 0. The condition (L u ) gives 
vfj E A for h > 0. % 

Proposition 4.3. If A C V'{J,X) satisfies (Ai) [respectively (A)], then A satis- 
fies (A[) [respectively (A')] provided one of the following conditions is satisfied: 

(i) AcC(2 t X), 

(ii) A C Lj oc Q,X), f G A and g = f a.e on J implies g E A, 

and X has the Radon-Nikodym Property [35, pp. 181-182]. 

For the proof we need an extension of Proposition 1.5: 

Lemma 4.4. If for T G W($,X), e > 0, k G N one has A h T G C fc (J,X) for all 
h G (0, e ], then T G C k (J, X). // only A h T G W^J, X) for all h G (0, e ] and X 
has the Radon-Nikodym property, then T G W^(§,X). 

Special case: 4> G L} oc {J, X), to each ft G (0, £o] exists o G C fc (J, X) with A^0 = o 
a. e. on J implies the existence of an / G C fc (J, X) with = / a.e on J. 

Proof. The C fc -case follows with Proposition 1.5 as in the proof of Lemma 14 [49, 
p. 226], case A = C k since also for general X to T G X) and X-compact C J 
there exists g G C(R, X) and n G No with T = g^ n > in an open neighborhood of X 

/rnl „, Oil -C /I r> \ 
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Case Wfo c (J, X) with arbitrary J: Assume first <p G C(J, X) with A h 4> absolutely 
continuous in J for all ft G (0, £o]. For K = [a, b] compact C J there is c G (0, So] 
with Xi := [a, 6 + c] C J. For fixed e > 0, Lemma 4.f 2 below can be applied to 

I = K 1 ,f = <t>\I, 7 = c, 

A = AC £ (K, X) := {g G C(X, X) : to g exists 77 > with 
YZLi\\9(ti)-g(si)\\<e if 

1 l*i ~ s i\ < ^ a < s l < *1 < s 2 < *2 ' ' ■ < t m < b, k G N}, 

with A n := A with 77 replaced by the fixed 1/n and " to g exists 77 > with" 
deleted. So there are v, 6 with < v < v+8 < c and (<f> — M c (<f>) v )\K G A Since <j) is 
continuous on J, Ms(<j>) v is absolutely continuous on X, and so 0| X G AC £ (K 7 X). 
This holds for any e > 0, so is absolutely continuous on if. if being arbitrary, 
is locally absolutely continuous in J for any J, X. So, one has with Proposition 1.5 

(4.1) <f) G L* oc (JJ, X), A h cf> G AC Zoc (J, X) for < ft < £ 
implies G ACi oc (K, X). 

If additionally X has the Radon-Nikodym property, <p' exists a.e in J by [35, p. 
107, Theorem 2, p. 138, Corollary 8], implying <p G W^(3,X). 
A simple induction and (2.5) give G W^(S,X) if G C(JJ,X) with A h (/) G 
Wf ' c fc (J, X) for all < ft< £ , k G N . 

If now T G £>'(JJ,X) with A,,T G W"/ ' c fe (JJ, X) for all < ft < e Q and fixed k > 0, 
A fc T G C^-^X), so the first part of Lemma 4.4 gives <p G C^-^X) with 
T = (f) on J. One has A h 4> G W^*' C (JI,X) for all < ft < e , the above gives 

T = <j>ew^(ix). 

Case k = 0, W/ ' C °(J,X) := L^ C (J,X): To T G D'(J,I) exists 5 G D'(J,I) with 
S" = T on J (see [71, p. 51, Theorerhe I for X = C]). Then A h S G Wj£(2,X) by 
(2.5), S G <i (J,X) by the above, T = S' G ^(J,*) by (2.5). 1 

Proo/ 0/ Proposition 4.3. (i) : If T G £>'(J, X) with A^T G .4. for ft > 0, T = / G 
C(JJ, X) by Lemma 4.4, to ft > exists g = g^) e A with A h f = g a. e. ; since /, g 
are continuous, A fc / G A. Then, by (A), / - M/J G A, T - M h T = / - M h f G A 
(ii) T G £>'(JJ,X), A fe T6ic Ll c (lX) imply T = / G L\ oc (J,X) by Lemma 
4.4; furthermore A h f G .4 a.e., so Ahf G .4 by assumption. (A) gives then (A'). 
Similarly for (Ai). % 

Corollary 4.5. 

7WC fc (J,X) = C fc - 1 (J,X) + {/GX JI :/ = a.e. } if keN, 

MC{J, X) = L} oc Q, X), any J, X. 

This follows from the "special case" after Lemma 4.4. 
Corollary 4.6. 
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MLl oc (lX) = Ll c (lX). 
See also Example 3.7. 

Examples 4.7. By Propositions 4-2, 4-3, 1.5, the following A all satisfy (A) and 
(A'), for arbitrary J and X: 

Constant functions X, Continuous periodic with period r functions P T , AP , 
AAP , EAP rc , E AP , U A A , LAP u i, , 7~£ u b , £ u b > C urc , C uwrc , C u \, , C u , Cq , 
forkeN , C°°. 

S P AP(2, X) has (A) for 1 < p < oo, and (A') for X with the Radon-Nikodym 
property (use the Bochner transform of [13, p. 132, (3.1), (3. 2)]). 
Furthermore WA(2,X) has (A) and (A') for X ifA = A(2,K) has (A). 

Example 4.8. A= C C (2,X), V(2,X) have (A), any 2,X. 

Proof. We prove the case J ^ R, J = R follows similarly. Let <fi G L\ oc {2,X) and 
A h (p G C C (2,X) for all h > 0. By Proposition 1.7 (i), G C U (JJ,X). By the 
assumptions supp Ai0 C [a, 6] for some a, 6 G J. It follows 0(i + 1) = 0(£) for all 
t > b. The uniform continuity of and A/^0 = far out for small h implies then 
4>(t) = 4>(b) for t > b. It follows - M/>0 G C c for closed J. 

If J = (a, oo) one can even show (p = constant on J, (A) follows. 

(A) for V($,X) follows from (A) for C c and C°° of Example 4.7. % 

Proposition 4.9. L^(JJ, X) satisfies (A) /or 1 < p < oo, arbitrary J,X, and 
measurable w : 2 — >■ [0, oo) /or which there is a real c with 

(4.2) w(t + h) < cw(t) and w(t) < cw(t + h) a.e. in t G 2, < h < 1. 

Here L p w (J, X) := {/ measurable G X J : w|/| p G L 1 (J, R)} 
with 

H/IU = \\uft\v = [J s w( t )Wf( t )W Pdt ] 1/P if 1 < P < 00, 
L™(2,X) := {/ measurable G X s : w\f\ measurable bounded a.e. } 
with 

\\f\\oo,w = Hw/lloo = ess sup t 6 jw(t) ||/(*)||, 
with u := w 1 l p if p < 00, else 

Examples of «; with (4.2) are 1 + |t| r or e rt for any real r and J or t r if £ closure 
of J. 

Proof. Let 4> G L[ oc (J, X) and A/^ G (J, X), 1 < p fixed < 00. The measura- 
bility of (p gives the (t, h)- measurability of / := uAh4> on J x R+. By assumption 
g(h) := \\uAh(fi\\ p < 00 for h G g : 1R + — > [0, 00) is measurable by a suitable 
version of the continuous Minkovski inequality [50, Aufgabe 92, §7, p. 251]. So 

-i-i :„ „ „ u -i-U„-i- 7^ r 1. ^ /n 11 . „1 u„„ — ™„„„ th 
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the difference set K n — K n contains (—£,e) with < e < 1 (see [50, p. 189, Aufgabe 
116, §6]): To < ft < e there are u, v G K n with ft = v — u and g(u) < n, g(v) < n, 
or ||a;(0 u — <j> v )\\p < 2n. With (4.2) and p := c 1 ^ one gets 

\\(j((j>h+l - <Pi)\\p < p\\(u((f) h - (j)))i\\ P < 

p 2 \\(u((j) h - 4>))u\\ P < P 2 \\u((p v - (p u )\\p < 2p 2 n. 
Furthermore g(l) = \ \oj(4>i — <j>)\\ p ='■ q < oo, this and (4.2)implies similarly 

\\u((p h+1 - <p h )\\ p < pq. 
Assuming c > 1, these three inequalities yield 

g(h) = \\uA h <f>\\ p < 2p 2 (n + q) =: a for < h < e. 
Since \\u((j)( n+1 ) h -(j))\\ p < \\(u(4> h -4>)) nh \\ p +\\u(^ nh -4>)\\ p < p n a+\ \u((j) nh -(j)) \ \ p , 
induction gives the boundedness of g on each [0,T], T > 0. 

T 

The continuous Minkovski inequality gives with ip(t) := J Q Lo(t)A 8 (j)(t) ds that 
ip E LP (I, X), or (with the measurability of <j>) M T (p - <j> e Lg, (J, X) for T > 0, i.e. 
(A) holds for LP W . All this works also for p = oo. 

For any w : J ->• [0, oo) define 0(w)(3, X) := {/ G L] oc (3, X) : 

to / exists m G N with < mw(t) a.e. for |t| > m, t G J}. 

Proposition 4.10. 0(it?)(J, X) satisfies (A), for any J, A" and measurable w : J — >■ 
[0,oo). 

Proo/. Let G 1,^(1, A) and G 0(w)(J,A) for all /i > 0. We treat the 

case J ^ R, J = R follows in the same way. 

For m > mo G Nfl J define ip(t,h) := mw(t) — ||Ah0(t)|| and q m (h) := pl — 
inf {tj;(t,h) : t > m}, where Pl = Lebesgue measure. Then q m : [0, oo) — > 
[oo, — oo) is well defined, it is measurable since ||A^,0|] is (t, h) measurable (see [50, 
p. 140, Aufgabe 92]). 

So fi m := {h G (0,1] : q m (h) > 0} is measurable for m > m . Since [0,1] = 
U^ mo fi n , there is mi with pL^mJ > 0, then as in the proof of Proposition 4.9 
there is e G (0, 1] with [0, e] C O mi — O mi . 

To h G (0, e] there are thus u,v G O mi with h = v — u, implying F(t, h) := 
2mi w(t) — ||A/j0(£)|] >0ift>mi + l,tG' nullset (depending on h). 

Now M T := {F(t, h) < : mi + 1 < t < T, < h < e} is measurable, all M T |^ 
are null sets by the above, < h < e; with Fubini's theorem, Mt is a null set, 
so there is a null set Pi C [mi + 1, oo) such that for t £ Pi, t > mi + 1 one has 
F(£, ft) > for almost all h G [0,e]. As in the proof of Proposition 4.9 one gets 
from that a null set P C [mi + 1, oo) such that to a > there ism G N with 
||A/j(/>(t)|| < mw(t) for almost all h G [0,a], t > m, t £ P. Integrating with respect 
to ft one gets 



||0 - M a (j)\\ < mw(t) for almost all t > m, that is - M a G 0(w)($, X) for all 
a > 0. 5 
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Remark 4.11. For any J, X, C rc (J, X) has (A). 

We omit the proof, this is not used here. See section 10, question 5 for C wrc and 

T OO 

wrc' 

To get (A) for additional spaces, and already for Lemma 4.4 and Proposition 
4.3, we need 

Lemma 4.12. Assume I C 1 arbitrary interval, < 7 < \I\, f G L] oc (I,X). 
Assume further A = U^L^n C L* oc (i"~ 7 , X) with the following properties: 

(i) (A fl /)|/-T G A for all < s < 7, 

(ii) If (A Sm /)|/~ 7 G same A n for s m G [0,7] and s m ->■ r, f/ien (A r /)|/~ 7 G Ai- 
fmj // (A s /)|/~ 7 G^4 n /or0<w<s<w + /9<7 roit/i p > 0, then 

-((l/p)j: +p A s fds)\I-^eA. 
Then there exist v, 5 with 0<v<v + 5<'~f such that (/ — (M^/)„)|/~ 7 G ^4 /or 
< h < 5. 

Here J -7 = (a,/3 — 7) [respectively (a, /3 — 7]] if I = (a, j3) [respectively (a,/?]], 
—00 < a < (3 < 00, similarly for / = [a, 0), [a, 0\ and I~ 7 = / if /3 = 00. 

Proof. Define M n := {s G [0, 7] : (A,/)]/" 7 G A}- Then by (i), [0, 7] = U~ =1 M n . 
By (ii), the M n are closed in [0,7]. So by the Baire category theorem [75, p. 12] 
there exist no,v,S with 0<v<v + 5<"f and [v,v + 6} C M no . By (iii), the 
integral expression there is in A for u = v and < p < 5. Then formula 

(4.3) /(f) = (M s f)(t + v)- ((1/5) J v v+S A s f(t) ds) for t G I~^ 

gives (/ - (M h f) v )\I-y G .A for < h < 5. 1 

Remark 4.13. // m (mj f/ie .4. can 6e replaced by the A n of the assumption of 

(iii) , then also the A in the conclusion of Lemma can be replaced by A mo with 
m independent of h < 5. 

Corollary 4.14. If A, A n are as in Lemma 4-4 but with I = J (so I -7 = J), and 

if additionally A is real-linear and A C M.A, then A satisfies (A). 

Proof. Since J = (a, 00), [a, 00) or R, J" 7 = J. By Lemma 4.4, if / G Lj oc (3, X) 
with A s f G A for s > 0, one has (/ - (M h f) v ) G A for < h < 5 with suitable 
d, v. Now for < h < 5 

(/ - M h f) = f + M h (A v f) - M h (f v ) = f- (M h f) v + M h (A v f), G A 
by the assumptions on A. Furthermore 

2(/ - M 2h f) = 2/ - M h f - M h (f h ) =f-M h f + f-M h f- M h (A h f), G A. 
This gives (/ - M 2nh f) G A. for < h < 5, n G N, and thus (A) for A. 1 

Special case: If A. C C(J, X), (ii) of Lemma 4.12 holds if the A n are closed with 
respect to pointwise convergence on J (Proposition 1.5). 
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Lip(I,X) := {/ G C($,X) : to / exists L with \ \f h -f Woo < L\h\ for all h > 0}. 
AC(3,X) is the space of absolutely continuous functions. 

Examples 4.15. A = C b (3,X), AC(2,X) andLip($,X) satisfy (A) and (A'). 

Here Lip(J, X) = U™ =1 An with A n := {/ G C(2,X) : |A h /| < nh on J for all 
/i > 0}, similarly for C b (I,X). 

(ii) and (iii) are always fulfilled (Proposition 1.5), with the integral in (iii) of Lemma 
4.12 even in A n . 

AC can be treated with A £ n as in the proof of Proposition 7.3. 
Example 4.16. S%(S,X) has (A) for 1 < p < oo. 

This can be reduced to (A) for Cb(J,X) of Example 4.15 with the Bochner- 
transform of [13, p. 132, (3.3) and Lemma 3.2]. A direct proof follows from Lemma 
4.11, Corollary 4.13 with 

A n '■= {g G : | \g\\sp < n}; by approximating / on [t, t + 2 + r] in the L p -norm 
with continuous functions, t fixed, one gets (ii), (iii) follows with the continuous 
Minkovski inequality as in the proof of Proposition 4.9. 

Proposition 4.17. (a) For any I, X, n G No, if U and V C X 1 have (A), then 
alsoUCiV, M n U. 

(b) If U is real linear, positive invariant, C L z 1 oc (J, X) with (A), then U C MJJ . 

Proof, (a) Follows immediately from the definitions and MhM^cj) = MkMh4> of 
(2.6). 

(b) If feU, then A h f G U, thus f-M h feU,fe MU. 

Examples: LP n C , AP n C k ; but 0(e* 2 ) <£ M(0(e t2 )), though it has (A) by 
Proposition 4.10 

The case U + V is not so simple: 

Proposition 4.18. Assume U and V are additive groups, positive-invariant, with 
(A), C L} oc (S,X); assume further U n V = {0}, J = [a, oo) or R and for $ G 
L\ oc (J,X) with A h $ G U + V for h > in the decomposition A h G>(t) = u(t, h) + 
v(t,h) the v(a,h) in h G (0, oo) is measurable; finally, if J = R, a = and 
additionally U, V are invariant. Then U + V satisfies (A) . 

Proof. If w = u + v with u G ET, and t> G V, the -u, v are unique, so for $ as in 
the assumption the u(t, h),v(t, h) are well defined for t G J, h > 0. Now Ah+k& = 
(A h Q) k + A fc $ give with the U, V positive-invariant for t G J, h, k > 

(4.4) h + k) = u(t + k, h) + u(t, k), v(t, h + k) = v(t + k, h) + v(t, k). 

Case J = [a, oo): t = a and 0(s) := v(a, s — a), s > a gives for = s — a 
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since v(-, h) G V for h > and V is positive-invariant, this gives A h <p G V for 
h>0. 

By assumption v(a, •) is measurable on M + , then on J, with A/j0 G F C 
L^ C (JJ,X). Lemma 4.19 below gives <j> G L[ oc (J,X). 

Since V satisfies (A) one has - M/j0 G V for h > 0. With ip := $ - 0, this 
implies A^V* = A^$ — A/^ = it(t, /i) h) — (v(a, t+h — a) — v(a,t — a)) , = u(t, h) 
by (4.4), for t G J, /i > 0. 
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So A^V G U for ft > with V G ^(J, x )- ( A ) for ^ S ives *l> ~ M ^ e C/", with 
the above one gets $ - M h G> G U + V. 

Case J = R, a = (for example): A_^$ = — (A^$)_^ and the full invariance 
of U, V yield A^$ G £7 + V for all real ft. Then the above is defined on R with 
Ah4> G y for /i > 0; this gives, with the assumption v(0, ft) = <j>(h) measurable on 
{0} x R+ and V C L z 1 oc (M, X), measurability of <fi on R. One can proceed as in the 
case J = [a, oo), now with J = R, getting (A) for U + V. % 

Lemma 4.19. Assume : J — >■ X is measurable, J, X arbitrary and Ah4> G 
Lj- oc (J, X) /or a// < ft < e . Tften G ^(J, X). 

Proof. (See Remark 1.6) With [a, b] C J, ?/>(ft) := J a & ||Afe0(i)|| (it is measurable in 
ft G [0, e] C [0, £o] by the Fubini-Tonelli theorem. As in the proof of Proposition 
4.9 there exists n G N and 5 > such that to < ft < 5 there are it, i; G [0, e] 
with ft = v - u and J a 6 \\(j) v (t) - (j> u {t) \\dt< 2n , or J a & +g | |<^(£) - <j>{t) \\dt< 2n for 
< h < 5. The Fubini-Tonelli theorem gives then the existence of f Q 4>{t + ft) dh 
for almost all t G [a + £,6]; this implies G Lj oc ([a + 2e, 6],X). 6 — > oo, £ — > 0, 
a — >• end point of J respectively a — > — oo gives G L z 1 oc (J, X), if a £ J, with 
A £ jELl c (lX). 1 

Corollary 4.20. If A C L} oc ($, X) has (A), and z/0 : J — > X is only measurable 
with A h (p G A for all ft > 0, then (p - M h (p G A for ft > 0. 

For applications of Proposition 4.18 see section 7. 
Next we show that (A) does not always hold. 

Example 4.21. A e = AP(J, X).e it2 of Example 3.1 does not satisfy (A) of Defi- 
nition 1.4, though it is a linear uniformly closed invariant subspace ofC^Q, C). 

Proof. Assuming the contrary, since A e is linear and invariant, A e C M.A e by 
Proposition 4. 17 (b). This contradicts Example 3.1. % 

Example 4.21 implies, (even for arbitrary J, X), with 
PU = {Pf : / eU} indefinite integrals. 

Corollary 4.22. A\, A2 do also not satisfy (A) and A C M.A, where 
(4.5) A! =X + AP-e it2 , A 2 = X + P(AP-e tt2 ). 

Proof. Since both Ai, A2 are linear and positive invariant, (A) would imply Ai C 
MAi by Proposition 4.17 (b), i = 1,2. 

A 2 C MA 2 and M h PiJj - PM h iP = M h P^{a ), V G L} oc {J,X), ft > imply, 
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for f e AP ■ e u and h > 0, PM h f = a + Pep with a £ X and (p G AP ■ e u ; 
differentiation yields M/,,/ = 0, or / G _M(AP • e l * ), contradicting Example 3.1 if 
/ # 0. 

Ai C MAi would imply := M h e it2 = a + ip ■ e it2 with a G X and V> G AP, 
and G Co by Example 3.1, then = m(4>) = a + m(ip ■ e lf2 ) = a, ip ■ e 1 * 2 G Co, 

. ,2 

V> = by Example 3.1; so M^e = for h > 0, a contradiction, 

Conversely one has, using Proposition 1.5 and Mh((p') = (Mh((p))' 
(4.7) X + PA has (A), 
if A has (A) and A C C(J, X). 

Contrary to Example 4.21 and Proposition 7.7 one has 

Remark 4.23. For any J, X, A = AAP ■ e if2 = C + AP ■ e if2 satisfies (A) and 
Ac MA. 

Since our proof is too long, we omit it. 
With Remark 4.23 one gets 

Remark 4.24. // U is an additive group with AP ■ e lt C U C L ; 1 oc (J, X) and 
U n C ($,X) = {0}, then U does not satisfy (A). 

Proof. Assuming U has (A) and (p G Zj oc (J,X) with A h (p G AP ■ e if2 C U, C 
AAP • e** 2 . With Remark 4.23 one gets 

. ,2 

— M/j0 = u G £7, u = v + w with w G AP • e and d G Co, implying 

. ,2 

u = u — w G U, then t> = 0, u = w G AP ■ e contradicting Example 4.21. 

Examples 4.25. U = UAA ■ e it2 or LAP uh ■ e if2 or r((p, R,X)\$- e lf2 do not sat- 
isfy (A), with UAA respectively LAP U \, = almost automorphic respectively Levitan 
almost periodic functions, r((p,M,X) = recurrent functions (see [9, p. 10]). 

Further (A) results can be found in §7, Propoposition 8.9 and Remark 8.10. 

§5 Mean classes, derivatives and uniform continuity 

In this section we complement (2.17), (2.19), Theorem 2.11(b), and also the dis- 
cussion of strict inclusions. Furthermore a far-reaching generalization of results of 
Bochner and Upton will be given in Proposition 5.6 see [22, p. 442], [74, p. 15, 
Theorem 11]. 

Proposition 5.1. 

(i) If A C L z 1 oc (J, X) or C V(S,X) satisfies (Ai) and is invariant with respect to 
multiplication by positive numbers, then M.A C Al oc + A' Loc ; 

if such an A satisfies (A[) instead of (Ai), M.A C A + A' . 

(ii) If A C Lj oc ($,X) or C X) is real-linear, positive-invariant and satisfies 

I A \ „„„ ,J.„-„.„;„. / A l\ ±U £ , ~, ✓— T\T 
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(5.1 ) M n A = (M n ~ 1 A) Loc + (AC-U)^ respectively 
M"A = M n ~ 1 A + (M n ~ 1 A)'. 

Here 

A Loc :=AnLl c (lX), AW :={T(») :TeA}, 
A' = Ai 1 ) A', -=(A')r = A^ 

•Si •S\ , •s^hoc ■ \^ JLoc ■s^hoci 

(5.2) AH = i<t> e Lj oc (lX) : 

to exists G »4n W/ ' c n (J, X) with = V> (n) a.e.}, n G N . 

For relations between (Ai) and (A^) see after Definition 1.4; (A')loc is strictly 
contained in (Aloc)' in general. 

Proo/. (i) Case MA : Let G A*A C L^. Then = (0 - Mi0) + M x with 
Mi0 G A By the assumption, (P(j))h - P(f> = hM h (p G A for all < h G R. Hence 
by (Ai), (P0 - MiP0) G A. Now for V G Lj oc (J, X), h > 0, 

(5.3 ) - PI^ = c h = (M h Pi;) (a ) on J 

(proof by differentiation), so ^ := P(0 - Mi0) - d e An W^(S,X) by [53, 
Theorem 3.8.6, p. 88], with if>' = <f> - Mx<f> a.e. This means ip' = (j) - Mx<f> G A' Loc . 

Case MA : Let T G Then T = (T-M^T+M^. By [71, p. 51, Theoreme 

I] there exists S G T>'(JJ, X) such that S' = T. One has S h - S = hM h T G A for 
all /i > 0. Hence by (A x ), (5 - MiS) G A Since (S - MxS)' = (T — MiT) and 
MiT G A one gets AL4 C „4 + A. 

(ii) for n = 1 follows by Lemma 2.2, .MA, .M.4. are real-linear, with 

(5.4) ^4 as in Proposition 5.1 (ii) implies 

Aloc C .M.4. respectively .4 C Mi. 

(5.1) for general n follows from this for M n ~ 1 A respectively M n ~ 1 A with Lemma 
2.3. 1 

Corollary 5.2. If A C L\ oc {J,X) or C is real-linear, positive- invari- 

ant, satisfies (A) and n G N, t/ien 
(5.5; AtM=E?=o^Sc- 

Proof. This follows from (5.1) inductively with (^4^o C )^ oc = > Lemma 2.2 

and (1.11), (5.4)4 

Remark. (5.5) is false for n = 1, A = A e of Example 3.1. 
For J = R one can show more: 

Corollary 5.3. Assume A C X>'(R, X), real linear, positive-invariant and A* 

L~(R,R) C A n G N; i/ien 

(%) // A satisfies (A'), JX n A = A + A n) , 

/„•„• 1 T£ A ^- T 1 /TTD V\ „„J-„-„-C„„ / A - ! K ATI A /I I /I ( n ) 
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Here L^°(R,R) := {/ G L°°(R,R) : supp / is compact }. 

Proof, (i) By Proposition 5.1, Lemma 2.2 and induction one gets M. n A = 
Ei=o^ (j) - For T e A and 1 < j < n Lemma 2.8 gives T = U<j n ~ j) + Cn-j * T, 
with Uj G A since all 7 F n _ j G L£°(R, R); so T^') = £/j n) + ci-j * T G „4 (n) + .A for 
1 < j < n. 

(ii) As in (i) one gets M n A C (£? =0 -4 (j) )l oc and if / G .A, /«) = <^ n) + 
with gj, hj G A So, for </> G .MVl one gets = F + G (n) with F,Gei. Since here 
0, F G Lj oc (R, X), also the distributional derivative G £j oc <X X) for 1 < j < n 
and thus G A^l by (2.5). 1 

In a similar way, one can show the following extension to J ^ R: 
If .4 C L| oc (J, R), is real-linear, positive-invariant with (A), and if there exists 
A C Lj oc (R, X) with A = A\I, and A* L~(R, R) C A, then MM = .4 + A { £ c for 
n G N. 

Examples are A = AP(J, X),AAP(J, X), S P AP(J, X), S ub (I, X). 

Corollary 5.4. Any Stepanov S p -almost periodic function f can be written in the 
form 

(5.6) f = u + v' a.e., with u, v G AP($,X) and v G Wj£(2,X). 
This follows from (5.5) and (3.6). 

Example 5.5. In general AiA(R : X)\ J is strictly contained in M(A(R : X)\ J). 

We indicate this for AP(R, R), J = [0, oo) : Construct first a g = Y^=i9n G 
AP(R,R) with g\ J G C°°(J,R), but for no £ > is g of bounded variation in 
[-£,0]. This one gets with g n G C°°(R,R), periodic with period 2 n + 1, = on 
[0,2 n ], Halloo <2- n , and g n (t) = 2~ n sm(u n t) on [-4~ n + e n , -A~ n ~ x - e n ], supp 
g n \ [-1, 0] C I n := [-4" n , -4-"" 1 ] with e n = |/„|/(2n), w n = tt • 4 2 ™+ 2 . Then also 
g(0) = and g'(0—) does not exist. 
If / : = ( g \ J)', / g MAP(I, R) by Lemma 2.2. 

/ ^ 7MiP(l, R)| J : Assuming the contrary, by Proposition 5.1 and Example 4.7 
there exists u,v G AP(R,R) with v(0) = 0, v G W^'^R) and / = u + u' a.e. 
on J. Integration gives g = w + v on J with w(t) = f Q u(s) ds. This means that 
\w\ < ci < oo on J. For t > and a suitable r G T(w, \) one gets £)| < 2ci + 1, 
mj is bounded on R. Then w G AP(R, R) by the Bohl-Bohr theorem (see the 
introduction and before Proposition 6.2), implying g = w + v on R. But then g 
would be absolutely continuous on [—1, 0], a contradiction. 

A result of Bochner [22, p. 442], [2, p. 6, VI], [76, p. 24] states that if / G 
AP(R, C) has uniformly continuous derivative /', then /' is also ap; an analogue 

t — til „„„ u„ £ A ;„ Too „ cnc ui„™ i ol „ ocl „ c — „„,.™„-t„-t;„ 
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ap functions respectively almost automorphic functions respectively A-classes in [76, 
p. 38, Theorem 2] respectively [46, p. 26] respectively [9, Corollary 1.4.3]. Another 
result of Stepanoff [73], [21, p. 81], [2, p. 78, VII] states that if / is Stepanoff-ap 
in S P AP(R, X) and uniformly continuous, then / is already Bohr-ap. All these 
results are subsumed by Proposition 5.6: 

Proposition 5.6. If A C L\ oc {J, A) or C T>'(R, X) is uniformly closed and n,k E 
N , then (M n+k A)nM k C u g i X) = (M n+k A) nM k C u (J, X) c M k A and V' A f] 
M k C u (R, X) c M k A for J = R. 

Proof (see [13, p. 134 Proposition 3.5]). If G MA H C u , then M h cj) G A and 
M h (f> -> 4> as h ->■ uniformly, G A Inductively, this gives (A4VI) n C U (JJ, X) C 
A and with „4. also M n A is uniformly closed; (A4M) n L} oc (J,X) = M n (A n 
Lj- oc (J, X)) (see (2.18)). To G £>'(J, A) n C U (JJ,A) there exists (p n ) C V(R,K) 
with * (p n — )• uniformly. 

For general fc one gets with this (M n+k A) n 7W fc C u = .M^MM n C U (JJ, A)) = 
M k A, similarly for V' A . % 

With Proposition 5.6 an extension of the Bohl-Bohr-Kadets result on integration 
of ap functions can be obtained (see §6 after Corollary 6.6, [54], [8]); also with 
Proposition 5.6 a result of Upton [74, Theorem 11, p. 15] can be extended. 

§6 Almost periodic distributions and indefinite integrals 

By the above, especially examples 3.4, 3.5, 4.7, all the results of section 2 apply 
to these spaces. For example, since AP(J, A) C S P AP(J,X) C .MAP (J, A), each 
inclusion being strict by (3.6), with (2.17), (2.19) and Examples 4.7 almost periodic 
distributions are scaled by (6.1), (6.2): 

(6.1) V' AP (R,X) = U%L M n AP(R,X) 

= U™ =0 M n S p AP(R 1 X) = V' SpAP (R, A), 

(6.2) V' AP (R, A) n Lj oc (R, A) = u~ M n AP(R, A) 

= \J%L M n S p AP(R, X) = V S p AP (R,X) n Lj oc (R, A), 

for 1 < p < oo, with M n AP(R, A) C M n S p AP(R,X) C M n+1 AP(R,X), simi- 
larly for M, any A. 

Almost periodic distributions can also be characterized by translation or com- 
pactness properties, that is Bohr's, Bochner's and von Neumann's definition all give 
T)' • 

AP' 

Theorem 6.1. For T G T>' Loo (R, A) and $ T (l) := T L for I G R, the following 
statements are equivalent: 
(a) T E V' AP (R, X) ; 

/n t ^ tv /ttd v\ t — . „„™ — r- ri „\ r — . „•„.„; — + -f — . „n „ r- ri 7. 
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(c) For any V = neighborhood of in V Lao (R, X), the set T(T,V) of V -periods 
of T is relatively dense in R; 

(d) To each sequence (a m ) m6 ^ C R there exists a subsequence (a mri ) ne pj and 
SeV' Loo (R,X) withT amn S in T>' Loc (R, X) [or in (V L i)'(R,X) J; 

(e) = (d), with "subsequence {a mn ))n&" replaced by "subnet (a, n (i))i€.i"> 

(f) = (e), with "sequence" replaced by "net"; 

(g) {T[ : / G R} is totally bounded [= relatively compact] in T>' Laa (R, X); 

(h) $ T e AP(R,V' Loo (R,X)) [or G AP(R,(V L i)'(R,X))J; 

(i) there exists f,g e AP(R, X) and m G N such that T = f + g {m ^ on V(R, K); 
(j) there exists a sequence (f n ) C AP(R,X) [or equivalently a net (Tj)j e j C 

V' AP (R,X) J with f n [respectively ^ T in V AP (R,X). 

Here T(T,V) := {r G R : T T -T G V}; the topology of V' AP (R,X) and V' Loo (R,X) 
is given by the seminorms \\T\\u := sup {||T(<p)|| : <p G U}, with U C V(R,K), U 
bounded in V L i(R,K) (see §1). 

Proof, (a) (b) follows by (6.1). 

(a) (i) (j): Theorem 2.11, Proposition 2.9. 

Ti ->■ 5 in (P L i)'(R,X) is equivalent with $ T . ->• $ 5 in (X> L i)'(R, X) uniformly 
on R and also equivalent with Tj — >■ S 1 in P^oo(R, X), that is uniformly on re- 
bounded U C D(R,K); see (i) (/*). 

(z) =>- (/i): If (7 G AP(R, X), by definition there is a sequence of trigonometric 
polynomials g n G II(R, X) with <7 n — > g uniformly on R. If now t/ is bounded 
C Y := V' Lao (R, X), for (p G t/ and m G N and s G R one has 

= \\f R (g n (t)-g(t))<p { ™\t)dt\\ < 

\\g n - g\\oo ■ II^^IIl 1 < £ 

for n > suitable n £ , since sup {| \(p^ m ^ | |^i : ip G £7} < oo for fixed m. 
Since elementary calculations show $ ( m) G II(R, Y), the above means <fr o) G 
AP(R, Y) by our definition in §1, especially $/ G AP(R, Y) if / G AP(R,X). So 
(h) holds if T is as in (i). 

(h) =>• (fif): With the periodicity and uniform continuity of 7 W , the : R — >■ Y" 
has totally bounded range in Y if a G Y, a; G R. Since furthermore with /(R) and 
g(R) also (/ + <7)(R) is totally bounded, all trigonometric polynomials G II(R, Y) 
have totally bounded range. $t £ AP(R, Y) can be uniformly approximated by 
such, implying $j-(R) = {T s : s G R} is totally bounded in Y. For "relative 
compact" see Remark 6.3 and (6.3) below. 

(d) O (s0>= set of translates {($r)t : t G R} is totally bounded in V(R,Y), 
where 

V(R, Y) := Y M equipped with the locally convex topology of uniform convergence 

TED. 



GENERALIZED ALMOST PERIODIC DISTRIBUTIONS 



43 



Given U C V(R,K), U bounded in V L i(R,K), the U' := {tp s : tp E U, s E R} is 
also bounded. So by (g) the set {T t : t E R} can be covered by W\, ■ ■ ■ , W n with 
Wj = {T EY : \\T(ip)-T tj (ip)\\ <e for ip E U'}. This implies that {(<f> T )t ■ t E R} 
is covered by the 

EY R : \ \(<f>(s) - (<f>T) tj (s))(<p)\\ <efor all p e £/, s E R}, 
giving ((7) =>- (</). ((7) =>- (^) follows with s = 0. 

((7) <^ (c) <^ (e) <^ (/). This follows from the following abstract character- 
izations of almost periodicity (for the definitions of nets and subnets see [56, p. 
28]): 

Proposition 6.2. If G is a locally compact abelian group, and Y a topological 
abelian group, V := C(G, Y) is equipped with the topology 1 U of uniform conver- 
gence on G, then for $ E V the following statements are equivalent 

(i) The set of translates {$t : t E G} is totally bounded in (V, T u ) (von Neumann 
ap [25, p. 22]). 

(ii) To each net (t a ) a( =A from G there exists a subnet (t a (pj)p€.B with ($)t a{/3) 
Cauchy in (V,% u ). 

(Hi) To each sequence (t m ) m <=N from G there exists a subnet (tm(p))pe.B with 
( $ )i m(/3 ) Cauchy in (V,Z U ). 

(iv) For each neighborhood U ofOinY the set T($, U) ofU -periods is relatively 
dense in G (Bohr ap). 

(v) $ is Maak ap (see [61, p. 26]): 4> : G — >■ Y is called Maak almost periodic if 
for each neighborhood U (0) of ofY there exists a partition P\, • • • , P n of G such 
that 

G = U£ =1 -Pfc, (p(a + s) — (p(b + s) E U for a and b E same Pk, s E G. 

(V, T u ) stands here for V equipped with the topology % u of uniform convergence 
on G. 

In (iv), M-relatively dense in G means there exists a compact K C G with 
M n (x + K) ^ for each x EG. 

Remark 6.3. (a) G can be any abstract abelian group in the discrete topology, 
K-compact means then K finite in (iv). 

([3) If in Proposition 6.2 the Y is topologically complete, e.g. complete, then (i) 
is equivalent with 

{%') {$t : t E G} is relatively compact in (V, T u ); 

(ii) is equivalent with 

(ii') To each net (t a )aeA from G there exists a subnet {t a (p))p&B with ($)t a{/3) 
convergent to some ^> E V uniformly on G; 
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(in 1 ) To each sequence (t m ) m£ N from G there exists a subnet (t m (p))p€.B with 
($)t m(j3) convergent to some $GV uniformly on G. 
(7 ) All the above holds for Y = uniform space. 
(S) All the above can be extended to non-abelian G. 

We indicate a proof of Proposition 6.2 ("folklore" ) only for the special case ((3) 
of Remark 6.3, only this is used here. First one has 

(6.3) For any X, Y = V Loo (R, X) is a complete locally convex space. 

Proof. (See [71, p. 201]): Given a Cauchy-net (Tj) i6 / from Y , then for fixed <p G 
X>(R, K), (Ti(f))i e i is a Cauchy-net in X; X being complete, there exists T : 
P(R,K) X with Ti((p) T((p) for </? G P(R,K); T is obviously linear. By 
definition of Y, Ti(ip) — > T(ip) uniformly on U C "D(R, K) which are bounded in 
V L i(R,K), especially on {ip m : m G N} if ip m in V L i(R,K), y? m G V(R,K). 
V L i(R, K) being metrizable, this gives the continuity of T, i.e. T G P^oo(M, X). 

(6.3) means that for Proposition 6.2 we can assume F complete, thus also C{G, Y) 
is complete. 

"Totally bounded" in (g) or (^) is then equivalent with relatively compact ([57, p. 
36, (2) a)]). Furthermore, the equivalence of (i), (ii), (in) is then via (i 1 ), (ii 1 ), (Hi') 
a general topological result ([57, p. 36, (2)b), (3)]). 
The equivalence of (i) and (iv ) follows directly from the definitions. 
(iv) =>- (i) follows as in [2, p. 5, VI], where the case G = R, Y = Banach space 
X is treated; similarly (i) =^ (iv) follows from [2, p. 8, (e) or p. 9, VIII]. As in 
(d) ^ (9) above the equivalence of (g) : (c), (e), (/) follows then from Proposition 
6.2 for $ T . 

(9) =► (d). 

This also follows as above from a general topological results: 

Lemma 6.4. // G, Y , (V,% u ) are as in Proposition 6.2, and if additionally Y 
satisfies von Neumann's countability axiom (Aq), then for $ G V = C(G, Y), 
(i'){3>t '■ t G G} is relatively compact in (V, % u ) is equivalent with 

(vi') To each sequence (t m ) m gN from G there exists a subsequence (t mj J n6 N with 
(3>)t m convergent to some ^> G V uniformly on G (Bochner's criterion [23, p. 

154]). 

Here (Aq) for Y means there exist countably many open U n with G U n C Y and 
nfiLxUn = {0} (see [63, p. 4, Definition 2b (2)]). 

If Y has (Aq) and is additionally topologically complete, then by the approxi- 
mation theorem in [25, p. 37, Theorem 27], (i) — (vi) are also equivalent with 
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with AP(G, Y) defined as in §1 (using continuous bounded characters 7 : 67 — > C 
instead of 7^ and replacing "sequence (w n ) C n(R, X) such that ||7r n — 4>\ \ — > as 
n ->■ 00" by "net (7^) C II(R, F) with 7T; ->■ uniformly on 67"). 

Lemma 6.4 can be applied in our case to $r: {(^r)t '■ t G R} is relatively 
compact by ((7) =>- (g) and the remarks after (6.3) above. 

Though Y := T>' Loo (R,X) does not satisfy the first axiom of countability (A\) 
(it is also not separable), it satisfies (Aq) for arbitrary X: P(R, K) is separable in 
the induced topology of V L i (R, IK) 

( "P r := {p n • p : n G N, p polynomial with rational coefficients G K} is countable, 
with fixed p n G D(R, K), < p n < 1, p n = 1 on [— n, n], supp p n C [— n — l,n + 1]; 
approximating </?( m ) by rational polynomials, m G No and (p G X>(R, K) fixed, it can 
be shown that V r is dense in X>(R, K) as stated); 

Taking U m , n := {T G V' Loo (R,X) : \\T(ip n )\\ < 1/m} with {v? n : n G N} Z> L i -dense 
in D(R,K), one gets (A ) for ©^(R, X), and thus (g) (d). 

Proof of Lemma 6.4. {%') =>- {vi')\ Given U' n neighborhoods of in Y with r\^ =l U' n 
= {0} there are closed neighborhoods U n of in Y with U n + U n C U' n and 
U n+ i C for each n G N. If (t^meN is a sequence from 67, with M = {$ t : 
t G 67} totally bounded ([57, p. 36, (2)a)]) recursively there exist subsequences 
of (t' m ) for n G N with (£ n +i,m)meN is a subsequence of (t n , m ) m6 N and 
^t„,fe( s ) ~ e U n for s G G and fc,I £ N, any n G N. If (£ m ) := diagonal 

sequence of (t n ,m)m€N) one has: (t m ) is a subsequence of (t^J, and 

(6.4) $ tm (s) - $ tn (s) G t/ m for s G G if n > m, m, n G N. 
($ t J m6N is Cauchy in (V,X U ): 

If not there exist a neighborhood U of in Y, strictly monotone sequences (m^), 
(nk) in N and (s^) C G with 

(6.5) $ tmfe ( Sfc )_$ trife ( Sfc )^t/ forfcGN. 

By (i'), there exists a subnet (k(i))i of (fc) and / G V with 

— )■ f uniformly on 67. 
Similarly there are a subnet of (k(i))i and g <E V with 

3>t nj . — >■ (7 uniformly on 6. 
Choosing a neighborhood W of in F with W = —Wo, Wo + W) C f7o one gets 
k G N with 

(a) " /(a) G Wq and * t (a) - g(s) G W for S G 6. 
(6.5) gives f^g. 

Now by (6.4) one has, for fixed q G N and m > q, 

®t m (s) - $ t „ |W) (s) e for s G 6 and j > j(m); 
since {7 g is closed in Y, this implies 
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Similarly one gets f(s) — g(s) G U q for s G G. Since q is arbitrary, (Aq) implies 
/ = g, a contradiction. 

{$( : i £ G} relatively compact gives then a * G V with $ tm — >■ $ uniformly on 
G, i.e. (ui'). 

We omit the proof of (vi') =>- (i'), since in our case it follows from (6.3) and Remark 
6.3. 1 

(In fact, the uniformity on {<& t : t G R} induced by (V, T u ) satisfies the first 
axiom of countability (^4i))- 

(<i) =>- (a): As in the proof of (g) =>- (</), T amn — > S in ©^(IR, X) implies 
$ Tam ->■ $5 uniformly on R. With definition T * tp(t) = T{(p t ) [75, p. 156, (2)] 
this gives for fixed tp G V(R, K), with * := T*y? G C 6 (R,X): #(s + a m J ->■ S*</?(s) 
as n — > oo, uniformly in s G R. Since this holds for any sequence (a m ) from R, 
Bochner's criterion for X-valued ap functions on R [23, p. 154], [2, p. 9, VIII, p. 
15, I] gives ^ G AP(R,X) as defined in §1. <p being arbitrary, (a) follows. 
The proof of Theorem 6.1 is complete, 

By (6.1), (6.2) the Stepanoff S P AP(R,X) functions and distributions are subsumed 
by almost periodic distributions V' AP (R, X). 

For the functions AAP(R, X) and EAP(R, X) this is not the case. One can even 
show C c (R,X)nV AP (R,X) = {0}, so V' AP (R,X) C V' AAP (R,X) C V' EAP (R,X), 
each inclusion being strict; however, already MAP <f_ EAP. 

Similarly, there exists g G MAP(R, R) with g B P AP(R, R). Conversely, not even 
W P AP(M,M) C V AP (R,R) in the following strong sense: There exists Weyl ap 
function / G C°°(M,M) with / G W P AP(R,R) for all p G [1, oo) such that [f] B i n 
V' AP (R,K) = 0, where [f] B i := Besicovitch equivalence class {F G L[ oc (R, K) : 
\\F — /lis 1 = 0}- (For / one can use a slight modification of the F of "main 
example IV" of [27, Appendix, pp. 131-133], suitably refining the arguments and 
lemmas there; there is no space for details). 

The following is a generalization of the Bohl-Bohr-Amerio-Kadets theorems [21, 
p. 7], [37], [54], [8 and references therein] (see the introduction, and after Corollary 
6.6). 

Proposition 6.5. IfU,Ac L} oc {J,X) or C V'{J,X), A satisfies (L v ) then MA 
respectively MA respectively V A (WL, X) for J = R satisfy (Lj^u) respectively (L~^) 
respectively (L' v , ) (for (Ljj) etc. see $1). 

Proof. The definitions and A h M s = M s A h , A h M s = M s A h . % 

To apply this to indefinite integrals, we need an extension of P defined for 
functions in section 1 to vector-valued distributions defined on any open interval /: 

la a\ tii — t> . TV I t v\ > TV/ t v\ / r> r r\/ m m r- TV I t v\ 
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P linear, continuous. 

This follows as in [71, p. 52]; for / G L} oc ($, X) one has however only Pf = Pf + c, 
with the constant c depending on /. 

Corollary 6.6. U,Ac V(R,X), A satisfies (Ljj), is linear and contains all the 
constants, then T G V' A (R, X), PT e V' V (R, X) implies PT G V' A (R, X). 

Proof. Differentiation and (2.8) give A h PT = hM h T+ constant, G V' A (R,X) by 
Proposition 2.4 (a), % 

Special case : A = AP(R, X) with c t- X, U = L°°(M, X), then A satisfies (L ub ) 
by [13, p. 120] and then (L b ) with Proposition 1.7 (i). 

A = UAA(R,X) and LAP ub (R,X) are also possible (see [13, p. 120]). 

Similar results hold for M n A and M n A instead of V' A (R, X), this will be treated 
somewhere else. 

Corollary 6.6 contains the classical Bohl-Bohr-Kadets theorem: 

If 4> G AP(R,X) with c t X and only P<j> G V' Loo (R,X) (for example P<j> G 

S\ (R,X)), then Pep eAP(R,X). 

Indeed, P<f> G V AP (R, X) by the special case above and the remark after (6.6). 

But then Pcf) G AP(R,X) by Proposition 5.6. 

Corollary 6.6 can be extended to the half line, this will be shown in a future note. 

§7 Ergodic classes 

This section is devoted to the study of ergodic classes. We give inclusion relations 
between the various M n A, A = 8, 8 ub , T£, T8q, and apply results of section 4 to 
show (A) for S(S t X), Sq(IX), E n Q,X), Av (I,X), Av n Q,X). 

Proposition 7.1. For any J, X , the following inclusions hold and are strict 

(7.1) T£ub c 8 ub c M8 ub c 8 c M 2 8 ub c 

c M£ c M s £ ub • • • c M n £ c M n+2 £ ub c • • • , 
C V' £ub (R, X) = V' £ (R, X) for J = R. 

(7.1) holds also, if there everywhere £ is replaced respectively by £q, T£q or T£. 
Furthermore, C ub (R, X){lV' T£ (R, X) = T8 ub (R,X) andC ub (R,X)nV' T£o (R,X) = 
T£ (R,X) n C ub (R,X); but £ ub <jt U^M n T£ = U^M n T£ ub . 

Proof. Case £: If G M£ uh {I,X), (j) = if) + £ with ^ G 8 ub (J,X) and £ G 
(8 ub )' Loc (2, X) by Proposition 5.1 (i) and Examples 4.7. This means that £ G 
£(J, X) and proves G £(JJ, X). If G £(J, X), M h G £(J, X) for each /i > by 
(2.6). Now 
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since M T <p and M T+h (p are bounded for suitable T, also for open J ^ I. This 
implies that M T M h (j) G £ u6 (J,X) for all r, h > 0. 

If / G C ub Q,R) is defined by / = 1 on I 2n and / = on Iin+\i where I n — 
[10 n + 1, 10 n+1 - 1] then 7w / G £ ub (J,R) for all w ^ 0, but / £ £. This gives 

r£ ub (JJ,x)^£: u6 (jj,x). 

If f(t) = sint 2 , /' G £(JJ,R); Lemma 2.2 gives /( n ) G AT^^R). If G 
M n £ u6 (J,R), (2.8) gives A hn ---A hl f G £ ub (J,R) C C u6 (J,R), then Proposition 
1.7 (i) inductively / G C U (,(J, R) C C U (J, R), a contradiction. This means that the 
inclusions M n £ ub (I,X) C A4 n-1 £(J, X) are strict for all n G N. 
We omit the examples for M n ~ 1 £Q,X) ^ M n+1 £ ub {3, X). 

M n £ ub C V' £ub by Corollary 2.5 and Example 4.7, Z>£ = V' £ then by Corollary 
2.14, Example 3.4 and £ ub C £ C of (7.1). 
Case £o can be proved similarly. 

For the T£, T£o-cases we need first T£ C AiT£, T£o C MT£q: 

If G T£(J,X) (respectively T£ (J,^)), G C b (J, X) by (7.2). This implies 
7 w M h G C b (JJ,X) for all 7w . Therefore ( 7w M h 0)' G £ (J,^)- Since 7^ M h = 
{^M h 4>)' - loj (A h (/))/h, one gets 7 £,M h G £(J,X) (respectively £ (J,X)). This 
gives ( r YujMf l (/)) G £ (J, X) (respectively £o(J, -^)) f° r all a; 7^ and hence M^cj) G 
T£(JJ,X) (respectively T5 (J,X)) with £ uh C 5 C (£o,u6 C £ C X^ J of 

(7.1). 

(7.1) for T£ (respectively T£o($, -^0) follows then as for £, especially T)' T£ ^ h = T^'te 
( respectively T>' T£oub = V' T£q ). 

C u fl = T£ u b follows with Proposition 5.6 and the above, % 
Remark 7.2. 

(i) There exists even f G C ub ($, X) n C°°(J, X) mtfi 7w / G £ u6 (J, X) /orw^O 
but f £T£ ub (lX). 

(ii) For any J, X, k G N one fcas yW fc L°° n -M fc £ = JW fc L°° n -M fc+1 £ ub . 

Proposition 7.3. A = £0, £ n , Avq, Av n have (A) for arbitrary J , X . 

Proof. Case A = £$: 

Given G £[ oc (J, X), with A/j0 G £ (J, -X") for all h > 0. For fixed £ > define 
:= {/ G L[ oc (JJ,X) : ||M T /(*)|| < e, for all £ G J, T > m}, E £ := U mGN ^. 
One can apply Lemma 4.12 (M^A s = A s (Mt4>) is continuous in s), so — 
(M h (p) v G £ £ for < /i < 5. A v cp G 5 implies A v (p G £? e for all e, then M h A v (p G £? e , 
yielding - M h G £ 2e for all < h < 5. With 

(0 - M 2n+ i h 4>) = (0 - M 2 ^0) - jM 2 » k A 2 »^ 

and £ n > with Y^=i £ n < £ 
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The proofs of the cases £ n , Av , Av n are similar, replacing the above A £ m respec- 
tively by 

{/ G Lj oc (lX) : M T (\f)\(t) < e, for allt G J, T > m}, 
{/ G Lj oc (lX) : \\M T (f)(a )\\ < e, for T > to}, 
{/ G Lj oc (lX) : M T (\f\)(a ) < e, for T>m}.% 

Proposition 7.4. IfU andV are additive groups, positive invariant, with (A),C 
L\ oc {J,X), with closed J and any X, if furthermore U D V = {0}, V C C(JJ, X) 
and to U exists too G No with U C M. m ° Av$(J> , X) and finally, U, V are invariant 
if J = R, i/ien U + V satisfies also (A). 

Proof. With Proposition 4.18 we have to show that in A h Q(t) = u(t, h) + v(t, h) the 
v(a,h) in h G (0, oo) is ft-measurable on (0, oo), $ as there. Now, by Proposition 
4.18 one has, also if J = R, 

(7.3) A h (j)(t) = v(t, h), t G JJ, ft > respectively ft G R if J = R, 

with (p(t) := v(a, t - a), t G J and u(- , ft) e V C C(J, X) for ft G R + respectively 
R. 

We now first assume X = K, = R or C. By Corollary 7.5 below, a refinement of 
a result of de Bruijn, there exists a g G C(J, K) and an additive H : R — >■ K such 
that 

(7.4) = # + H on J. 

with A/,$ = it + v and (7.3) one gets, with F := $ — g, G £[ oc (J, K) 

(7.5) A h F(t) = u(t,h) + H(h), fGj. 

Applying the means M n , with respect to the variable t, to both sides of (7.5), one 
gets 

G n (t,h) := M n (A h F)(t) = M n (u) + H(h), ft G R+, where G n G C(J x R + ,K). 
Choosing a G (lR_|_) m ° and applying M a to G n , one gets 

M a G n (- , ft) = M a M n (u) + H(h) = M n M a u + H{h), ft G R+. 

Since by assumptions M a u G Ai>o(J, -X"), M n M a u(a) — > as n — > oo by the 
definition of A^q. 

This gives q n {h) '■= M a G n (- , ft)(a) — >■ -ff(ft) for ft G R+ as n — )■ oo. Since the 67 n 
are (t, ft)-continuous on J x R + , the same holds for M a G n , so the q n are continuous 
on R + , with q n (h) — > H{h) pontwise on R + . 

This implies the measurability of on IR+; the additivity of on R gives the 
measurability of H on R. H(s + ft) — (s) = (ft) for s, ft G R and Lemma 4.19 
imply i7 G L z 1 oc (M, IK); integrating with respect to ft over [0, 1] gives the continuity 
of H on R (even H(t)=ct). (7.4) shows that <p is continuous on J. 

For general X, choose y G dual X* and consider ip := y o with (j) of (7.3). One 
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A h if> G C(J, K) for h G R+, if) = g + H by the above, A h (yo®-g) = you + H(h), 
with g, H depending on y. Since u G M m °Av ($,X) implies y o $ e L] oc (3,K) 
(y(M h f) = M h (y o /) for / G L\ oc (J,X) by Hille's theorem [75, p. 134, Corollary 
2] , by the above one gets the continuity of ip = y o <j> on J. 

y being arbitrary G X* , this means that is weakly continuous on J; but then 0(JJ) 
is weakly separable and then (norm)-separable. Since 4> is weakly measurably, so 
by Pettis' theorem ([75, p. 131] or [50, p. 158, Satz 5]) <j> is (Bochner-Lebesgue) 
measurable on J. (7.3) gives the desired measurability of v(a,-) on R + . 

To complete the proof of Proposition 7.4, we use the following result of de Bruijn 
[30, p. 197, Theorem 1.3] 

Theorem. If I C R is an arbitrary interval, f : I —> R is an arbitrary function 
such that for each h G R the difference 

(Ahf) | (I H (I — h)) is continuous on I D (I — h), then there exists g, H with 

(7.6) f = g + H on I, 

g G C(I, R) and H : R ->■ R additive, i.e. H(t + s) = H(t) + H(s) for all s, t G R. 

We need here the following reformulation, K = R or C. 

Corollary 7.5. If I CM. is an arbitrary interval, /:/—>■ K is arbitrary such that 
for each h > t/ie difference (A^f) \ (In (I — h)) is continuous on I C\ (I — h) , then 
there exists g, H with g G C(I, K), and if : R — >• K additive with (7.6). 

For / = [0, oo) or R the assumptions mean: A/j/ is continuous on J for all h > 0. 

Proof. The extension of (7.6) to complex valued /, o, if is obvious. By assumptions 
(Ahf) is defined and continuous on I (1(1 — h) if h > 0: The substitution t = s — h 
gives — (A_/j,/)(s) is defined and continuous on I n (7 — /i) + h = (I + h) (1 1 = 
I fl (I — (—h)), so (Ahf) is continuous on I n (I — h) also for negative h as needed 
for (7.6). % 

Remark 7.6. Under additional assumptions extensions of Proposition and 
Proposition 7.4 to open J = (a, oo) are possible: See Corollary 7.8 and Remark 
7.12 below. 

Corollary 7.7. Let U be an additive group, positive invariant, C Ai m °Avo(I,X) 
with mo G No, J closed, and U invariant if J = R. Then U + X has (A) if and 
only if U has (A). 

Proof, "if": One has U n X = {0}, since a G X, a G U C .M m, 'Az;o(J, ^) implies, 
for /i G (M+) mo , 

a = Mh a G Auo(J, ^Q, so a = liniT^oo ^ fa +T a dt = 0, we can apply Proposi- 
tion 7.4. 

We omit the proof of "only if" . % 
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Corollary 7.8. £ and Av := Av + X satisfy (A) for any J, X , so also £ fl L°° , 
£ fl Cb, £ u '■= £ H C u . For T£ and T£o see Proposition 8.9. 

Proof. £ = £q + X and Corollary 7.7 give (A) for £ for closed J ; similarly for Av. 

If J = (a,oo), (p G Ll oc (3,X) with all A s G S(2,X), if) := <fi — M h (p with fixed 
h > 0, JJi := [a + l,oo), then VI Ji e £(Ji,^)- Since £($,X) C .MC 6 (J,X) by 
(7.2), Example 4.15 and Proposition 4.17 (a) yield ip G MCb(S, X) for any J, so 
MiV> is bounded on J. This and ip\ Ji G £(Ji, X) give ^ G 5 (J, X) 

(A) for and J = (a, oo) follows with Remark 7.9. 

£ H L°°, ^nCi,,^nC M satisfy (A) with Propositions 4.17, 4.9, Examples 4.15 
and 4.7. 1 

Remark 7.9. Av(J,X) = {/ G Zj^JLX) : limr^ ± J r r+T /(*) eft exists = a G 
X /or r = ao} ; if the limit exists for one r G J ^ I, it exists for each r G J, and is 
independent of r; m(f) := a extends the m\ £{J,X). 
Similarly for J = R, limj-^oo jTj/r dt ex ^ s f or one r ■ 

Other examples for Corollary 7.7 are : 

0(w) + X satisfies (A) with 0(w) of Proposition 4.10, if w G some A4 m °Av n , e.g 
w(t) — > as \t\ — > oo, t G J. 

L p + X satisfies (A) if 1 < p < oo: p = oo is Proposition 4.9 ; else LP C .MCo for 
closed J, and C (3,X) C At>o(J,X)- 

A simple application of Proposition 7.4 would be AAP = Co + AP, but this is 
covered already by Proposition 4.2 (i), for arbitrary J. 
The main applications of Proposition 7.4 are: 

Example 7.10. PAP(J, X) satisfies (A) for closed I, any X . 

Proof. In Proposition 7.4 take V = AP(JJ, X) and U = C b (J, X)nAv n ($, X). Then 
V satisfies (A) by Examples 4.7 and U satisfies (A) by Proposition 4.17, Examples 
4.15, Proposition 7.3. 

Example 7.11. Similarly U + AP(S,X) satisfies (A) if 11 = Av n , T Av , Av nC b , 
Av Q , C , EAPq, £ n ,ub ■= {/ e £u&(J, X) : \ f\ G ^(P)}) 4, c/osed, any 

X. 

One has 

AAP = C + AP c PAP + AP = PAP c T£ + AP c T(At>o) + AP, 
AAP = C + AP c £ n , Mfe + APc£ n nC b + AP 

c PAP c An n + AP c T(Av ) + AP. 

Remark 7.12. Examples 7.10 and 7.11 hold also for J = (a, oo), any X. 

Proof. With J r := [a + r, oo) one has (</> — M/i<6)| J r = n r + / r , /; = /| J; with unique 

-P ^- A D/¥D -tl -P -PI ¥ . „. J. T\/T J. -PI / „. „;,.„„ ..I ¥ „. T T I ¥ 
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for r > 0, then u & U with Remark 7.9, Proposition 4.17 and Examples 4.7, 4.15. 
If 

Proposition 7.13. If U and W are uniformly closed additive groups C with 
U C Av n {J, X) and W C r + (J, X) n C(J, X), i/ien £/ + is uniformly closed and 
the sum is direct. 

Here Av n is defined in section 1, recurrent functions 

r + (JJ, X) := {</> G X J : T+(0, 1/n, n) relatively dense in R+ for each n G N}, and 
T+((j),e,n) := {r > : \\(f>(t + r) - (j)(t)\\ < e for all \t\ < n, t G J}. 

Proof. Follows immediately from the (any J, X) Porada inequality: 
If it G Av n (JJ,X) and w G r+(JJ,X) n C($,X), then 

(7.7) H^Hoo < \\u + w\\oo. 

(7.7) has been introduced by Porada [64, p. 247, (i)] for U = EAP Q and W = AP, 
J = R, X = C, then treated in [77, Lemma 1.3] for U = PAP , W = AP. 

(7.7) follows in turn, for u, w as there, from 

(7.8) w(I) C closure of (u + w)($) in X. 

(7.8) has essentially been shown in [12?, Proposition 2.4, (2.2)], w G C u b or u G C}> 
are not needed in the proof. ^ 

Remark 7.14. One can also show that S ■ e lt and T(S ■ e lt ) satisfy (A), see also 
Remark 8.10. 

§8 Fourier analysis 

In this section X will be a complex Banach space, K = C (if EC = R, everything 
works with sin cut, cos ut instead of e lujt ). 

To get Fourier coefficients and a formal Fourier series for elements of a class A, 
two properties are sufficient: A is closed with respect to multiplication by charac- 
ters, and there is a (hopefully invariant and continuous) mean on A: 

Proposition 8.1. (i) If A C V'(R,X) satisfies (V), so does V' A (R,X). 

(ii) If A C L[ oc (J, X) (respectively V '(J, X)) is linear, positive-invariant, satis- 
fies (T) and (Ai) (respectively (A[)), then Ai n A (respectively Ai n A ) satisfies (T), 
n G N. 

Proof, (i) If T G V' A (R,X) and 7w (t) = e icjt , 7w T G £>'(R,X) and ( 7w T) * (p(x) = 
( 7cj T)(^_ x ) = T( 7w ^_ x ) = T(e^_ x ), where V := 7-a,¥> e £>(R,C), so ( 7w T) * 
(p = "Yu • (T * ip) , E A for 99 G D(R, C). 

(ii) follows by induction : With Proposition 5.1 (i) one has Ai n A C U + U' Loc , 
U := M n ~ 1 A; if / = u + v' with it G U, v G ?7 n W^, then 7cj / = 7cj w - 7 > + 
(7w^)' £ U + U' Loc if (7 satisfies (r), since also 7cj w G W^ c . and £7 satisfies 
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Proposition 3.8 of [13] is the special case n = 1, A C C u b(R, X). 

Example 8.2. A = AP , S P AP, W P AP, B P AP, AAP , UAA, LAP ub , EAP rc , 
EAP, T S ub and T S b all satisfy even AP(J, C) • A C A. 

This is well known respectively follows from the definitions (also for EAP). 

Lemma 8.3. V' T£ub = V' T£ C = V' £ C V' c ^ = V' Loo C S'\V(R,K) for 

J = R, any X. 

Proof. Propositions 2.9, 7.1 and Theorem 2.16. % 

Proposition 8.4. The ergodic mean m : £(R,X) — > X can be extended uniquely 
to an m : V £ (R,X) — > X which is linear and (V L i)' -continuous. This m is 
translation-invariant and satisfies 

(8.1) m(T *<p) = m(T) ■ J <p{x) dx, T G V £ (R,X), ip G V(R,K). 

Furthermore M T (S) -> m(S) as T ->■ oo in the (V L i)' -Topology | D(R,K). 

Proof (See Schwartz [71, p. 207]): The definition of £(R,X) and m gives, with 
(1.11) and (2.3), for / G £(R,X) and <p G X>(R, K), 

\M T (f*ip) -m(f) ■ J <p(x)dx\ < e ■ |M| L i on R for T > T e . 
T ^ oo yields then for / G £(R, X), ip G £>(R, K) 

(8.2 ) <p * f & £(R, X), m(p * /) = m(f) ■ f <p(x) dx. 

The linear map m : £(R, X) — > X is ("D^i) '-continuous, i.e. if ( f n ) C £(R, X) 
with J f n (x) ■ ip(x) dx — > uniformly in ip G U for each t/ C "D(R, IK) which is 
bounded in V L i, then m(f n ) — > 0: 

For this, choose ip G P(R,K) with / <p(x) dx = 1. Then U = {{{s T * <pj)-t ■ 
t G R,T > 0} C Z>(R,K) is bounded in P L i(R,K), since \\(({s T * ^))-t) U) \\L^ = 
\\s T * {ip) {j) \\ L i < \\st\\l^ ■ \ W U) \\oo = lM j) ||oo for all £ G R, T > 0. So 

M T (f n * <p)(t) = f n * (st * <p)(t) = J fn(s)((s T * <pj)-t(s) ds as n ->■ oo, 
uniformly in t G R, T > 0. T — )• oo gives m(/ n * <£>) — >■ 0, with (8.2) one gets 
m{f n ) 0. 

With (8.2), Theorem 2.11 (e) can be applied to A = £(R,X), so £(R,X) is 
sequentially (£>Li)'-dense in V' £ (R,X). The standard extension process gives a 
linear m : V' £ (R,X) X. 

For this m one has (8.1): If (g n ) C £(R,X), T G V' £ (R,X), g n T in (V L i)', 
ip G P(R,K), as above g n * ip ^ T * ip uniformly on R, T * </? G £(R,X). Thus 
™(#n * </>) ->■ m(T * if). (8.2) for (g n ) gives (8.1). 

This rh is (£> L i) '-continuous in 0: If T n in (£> L i)', T n G £>^(R,X), then 
T^*^ — >■ uniformly on R, so m(T n *ip) — >■ 0; (8.1) gives m(T n ) — >■ if J y?(x) ^ 7^ 0- 
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M T (S) —> m(S) = constant function follows using g n G £(R, X) with g n — > S, 
since with U also 

{M_tv? : <p eU,T >1} is £> L i-bounded.1 

Remark. (8.1) holds also for ip G V L i (V' £ C (£> L i)'|£>(K, K) 6y Proposition 2.9). 

Corollary 8.5. If T G (R,X) and tiGN, tfien m(T< n >) = 0. 

Proo/. (8.1) for T^ n \ G P^(R, X) as T, with T( n ) * <p> = T * (</? (n) ).H 

With the mean m of Proposition 8.4 one can now define Fourier coefficients etc.: 

Definition 8.6. For S G V T£ (R,X) we define (^(t) = e iojt ) 

(8.3) c^S) := m(-y-uS), u G R (Fourier coefficients of S). 

(8.4) a b(S) := {u G R : c UJ (S) ^ 0} (Bohr- spectrum of S). 
and the formal Fourier series 

XLe<7 B (S) c ^(^) 7w 

By Proposition 8.1, G "^(R, X), so everything is well defined. 

For / G VF P AP(M, X) C £(R, X), one gets the usual Fourier coefficients, series and 
spectrum, with AP C S P AP C W P AP, 1 < p < oo. 
T£o contains the / G T£ with Fourier series 0. 

We say that U C V' T£ {R,X) has countable spectra, if for each S G f7 the Bohr 
spectrum o~b(S) is at most countable. 

Proposition 8.7. If S £ V' T£ (R,X), <p G £> L i(R,C) and n G N, £/ien S * ip & 
TS(R,X), G £>^ f (R,X) and 

fS.5j c u (S*<p) = c u (S)-<p(u), cUS^) = (iu) n cUS), w£l. 

Therefore T> A (R, X) has countable spectra, if A has, A C T^-^M, X). 

Proo/. P^ £ (R,X) cP^oo(M,A;) = (P L i)'(R,X)|P(R,K) by Lemma 8.3 and 
Proposition 2.9, so (S * <p)(x) := extension S(<£_ x ) G C°°(R,X). Since P(R,K) 
is dense in V L i (R, K) there are (</? m ) C Z>(R,K) with y? m -> v? € V L i(R,K) in 
(Px,i)'(R, IK); by definition S * (p m G TS. Continuity of S gives S * (p m S * (p 
uniformly on R, so 5 * ip G T£ since £(R, X) is uniformly closed. This also gives 
(8.1) for (p G T> L i, then (8.5) with T = 7_ W /S, Proposition 8.1 and 7_ w • (S 1 * <p) = 

(7_ w • s) * (n/- u <p), i-^p> e £>li- 

Since is entire if (p G X>(R, K), (8.5) gives the countability of ctb(S) for S 1 G X>^-1f 

Examples 8.8. ylZZ o/ t/ie above can be applied to A = AP, AAP, S P AP, W P AP, 
EAP rc , EAP and the corresponding V' A , with T>' AP = T>' SpAP C D'^vap c ^'ts 
by [(8.3)}, since all these are C T£ and have countable spectra. (See (1.2f), [69, 

rni m i 1 £ — . zr> A n 1 
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Definition 8.6 is thus also meaningful for all mean classes M n A, M n A, A as in 
Examples 8.8, since A C T£ implies M n A C M n A C M n T£ C M n V' T£ = V' TS . 
The last equality follows from Propositions 2.4 (b) and 8.9; one even has (2.17), 
(2.19) for T£(2,X), since T£ * V C T£ by (8.2) and 7w (/ * ^) = ( 7w /) * 7w¥ >: 
Proposition 8.9 is needed for (2.17), (2.19) for TS. 

Proposition 8.9. For any J, X, T£(I,X) satisfies (Lg) and (A), T£q(I 7 X) sat- 
isfies (Lg ) and (A). 

Proof. (Lg) (respectively (Lg )): Given 4> G £(J,X) with A h (p G T£(J,X) (respec- 
tively T£ (J,^)) for all /i > 0, it follows M h <f> G C 6 (J,X) for all h > by (7.2). 
Examples 4.15 and Proposition 8.1 (ii) for C5 give M^^cf) G Cb(J, X) for all 7 W . 
This implies (M h (7 w 0))' G £ (J, X) for all 7^, and then A h ( luJ 4>) G 5 (J, X). The 
identity (7 w (/i) - l)7t> = (7w0)/» - (7«0) ~ n/u( h )lfu>^h^ gives 7t> e £(J,^) 
(respectively £q(J, X)) for all u; 7^ 0. This and the assumption proves (Lg) (respec- 
tively (L £o )). 

(A): Given </> G L[ oc (J,X) with A h </> G T5(J,X) (respectively T£ (J,^0) for 
all h > 0, (j) - M h <j> G £(JJ,X) ( respectively S (2 t X)) for all h > since £(JJ,X) ( 
respectively £ (§ : X)) satisfies (A) by Corollary 7.8 (respectively Proposition 7.3). 
The identity (0 - M h </>) a -((f)- M h <f>) = A s (j) - A s (M h 4>) = A s (/) - M h (A s 4>) and 
T£ CMT£ ( respectively T£ C MT£ ) of (7.1) for T£ (respectively T £ ) show 
that ((p - M h <j>) a - ((f) - M h (f>) G T£(3,X) ( respectively T£ (3,X)) for all s > 0. 
Therefore (cj) - M h 4>) G T£(3,X) (respectively T£ (J,^0) by (L £ ) (respectively 
(Lfo)). This proves (A) for T£ (respectively T£o) . 1 

Remark 8.10. 7 W £, 7w£o> IujAv, i^Avo all have (A) for all wel. 

Since for example T£ = H we R7 a , 5, this generalizes Proposition 8.9. 

Proposition 8.11. For S G V' T£ (R,X) (see Example 8.8) one has 
ctb(S) C supp S. 

Proof. V T£ (R, X) C S'(R, X) by Lemma 8.3, so S is defined. If u £ supp S, there 
is v? G V(R, C) with ip(u) ^ and v? • S = 0. To y> exists ^ G «S(R, K) C V L i with 
V? = Since S^m/> = ip ■ S also for S G «S'(R, X), V G S(R, C) one gets S*ip = 0. 
(8.5) gives US)=0. 1 

For the .4. as in Examples 8.8, only in the case A = AP or A = S P AP is S uniquely 
defined by its Fourier series: If Si, 62 G V AP (R, X) with c w (Si) = 0^(82) for 
oj G R, with S = Si — S2 and Proposition 8.7 one gets c w (S * (p) =0 for all uj and 
(p G D(R,K); since S*</? G AP(R,X), this implies S * = by [2, p. 25, VI]. Since 
this holds for all ip G X>(R, IK), one gets Si = S2. 

This is nothing new however: By Theorem 6.1, (a) (h), every S G "C^p can 

u„ „;j J „„ „„ „1™„„j- ;„J;„ r. — A ^- 4 d/to v l — 
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convex topological complete vector space (T> L i)', so by the general Bochner-von 
Neumann theory [25], there exist even summation methods for the Fourier series 
of $5, converging uniformly on R to $5. Using the uniqueness of a linear, in- 
variant, normalized and continuous (with respect to uniform convergence) map: 
AP(R,X) X, one can show 

(8.6) m N ($ s ) = w(S), (constant distribution) for S G V' AP (R,X). 

where tjin denotes the Bochner-von Neumann mean [25, pp. 28-29] on AP(R, Y). 
With this one gets 

c^($s) = m N ('y- UJ $s) = 7u 1 m N ($ 1 _ uj s) = 7 u Cu(S). 

so if J^uj s n,iu c^i&s) Iuj —> uniformly on R for some summation method (s n ^) 
(see [13, Theorem 3.10]), t = gives 

(8-7) E,V^)7^5 as n ^00 in SeV' AP {R,X), 

where (s njUJ ) depends only on o~b(S). 

This holds especially for / G M. n AP or S E Ai n AP, but here a stronger conver- 
gence holds with Corollary 5.2: 
For / G M n AP(J,X), any J, 

in the locally convex topology defined on Ai n L°°(J, X) by the seminorms \\g\\h '■= 
\\Mh n ■ ■ ■ M^gWoo, h = (hi, /i n ), hj > 0. Here also the ergodic mean on £(JJ, X) 
can be extended uniquely and continuously to W^L J\A n £ (J, X). This generalizes 
theorem 3.10 of [13]. 

For £ G M n AP(J, X) similar results hold, with Mhj in the definition of \\g\\h- 
With Proposition 8.11, (8.7) and 7^ = one gets 

(8.8) If S G V' AP (R, X), then closure a B (S) =supp S. 

Furthermore with Theorem 2.10 one can show 

(8.9) V' A = V' AP © V' Aq 

for A = AAP, EAP rc and EAP, where AAP = C , EAP = nullfunctions in 
EAP (see [69„ W (R+,X) p. 424]), similarly for (EAP rc ) . Therefore to S G V' A 
there is exactly one U G V AP with c^S) = c w (t/), namely the U in S = U + V of 
(8.9). 

Let us finally remark that the ergodic mean m can also be extended to 
U^M n S(J,X) for J^R, 
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§9 Applications to the study of asymptotic 
behavior of solutions of differential equations 

In many cases the study of the asymptotic behavior of (a uniformly continuous) 
solution u of a differential equation or system, that is demonstrating that u belongs 
to some given class A of functions (for example asymptotic almost periodic ones), 
reduces to show the following 

A. "Spectrum" sp A u C M, where M is the spectrum of the equation (see [38, 
Lemma 1], [65, p. 289], [10, Theorem 3.3], [13, Lemma 2.4, Theorem 2.5], [32, 
(3.2)]). 

B. Special cases respectively analogues of the following Proposition 9.5 respec- 
tively Theorem 9.7 (see [38], [59, p. 92, Theorem 4, p. 94, Theorem 5], [9, p. 22, 
Theorem 4.2.6], [10, Theorem 2.6, p. 62], [67, Theorem 3.9], [5, Theorem 2.3], [6, 
Corollary 3.3], [13, Theorem 4.1], [32, Theorem 2.5]). 

The notion of spectrum sp A 4> needed here has been introduced in [9, p. 20] in the 
case A C C ub (J, X), where J = [0, oo) or J = R. For A = AP(R, C), G C ub (R, C), 
s Pa(<P) was implicitly used by Loomis [60]. For spectrum of elements of L 1 -Banach 
modules see [15]. For A = AP(R,X), </> G C ub (R,X), sp A (p is used in [59, p. 
91 (set of non-almost periodicity)], also [72, Theorems 2.3, 3.2]. For the cases 
A = AP(R,X), AAP(R+,X), EAP(R+,X) and <j> G C ub (R,X), sp A </> is also 
defined in [67]. 

In Proposition 9.3 below we compare sp A (j) with the singular set cr+(4>) in 
of the Laplace transform 0(A) := J °° e~ Xt (j)(t) dt, A G C+ := {A G C : Re A > 0}, 
where <J+(<j>) := {u E R : <fi is not analytically extendable to some ball P>s(iu) = 
{A G C : |A - iu\ < 5}} (= Sp R+ (p in [5, p. 293]). It is obvious that a + ((p) C a((p) 
the singular set of the Fourier-Carleman transform of <fi (see [65, (0.46), p. 19]). 

For A = {0}, J = R and <fi G L°°(R,X), sp A (p = "( < / ) ) = Beurling spectrum of 
4> = supp 4> ( see [55, p. 147, Definition 4.3, p. 171, Theorem], [9, p. 20], [65, p. 
19, (0.46), p. 22, Proposition 0.5] and (9.4) below). 

We need Spectrum sp A also for distributions: 

The assumptions on A are, with J, X as in section 1 but always IK = C: 

(9.1) A linear, C L} oc {J,X), A uniformly closed, A C u &-invariant. 

Definition 9.1. For A C L} oc (3,X), usually with (9.1), V C L : (R, C) and S G 
<S'(R, X) we define 

(9.2) sp A yS := {u G R : <p G V, (S * <p)\ J G A implies ip(uj) = 0}, 
provided the convolution S * tp and (S * cp)\ J are defined for all <p G V. 



58 



BOLIS BASIT AND HANS GUNZLER 



The other cases needed here are S G (V L i)'(R,X), V = V L i(R,C), and S G 
<S'(R, X), V = S(R, C); in both cases S * •p is well defined and a C°°-function 
and belongs to T>l°°(M.,X) respectively Vp(R : X) ("P" means all derivatives have 
polynomial growth). 

SPA,V is always closed (the complement is open), also sp A C sp Aj x> Ll C sp At s if 
defined. 

By (9.4), if G A, one has sp A (p = sp AjS (p C a ((f) = supp for G L°°(R,X). 
For any A C L} oc (3,X), G L°°(R,X), 5 G (P L i)'(R,X) one has with (V L i)' * 

(9.3) sp^0 = sp^ u6 0, sp A ,v Ll S = sp Auby v Ll S, 
with = A n C u6 (JJ, X). 

Proposition 9.2. For A with (9.1), G L°°(R,X) and S G (V L i)'(R,X), one 
has 

( 9-4) sPA<f> = sPA,v Ll = sp AyS (p, s PA,v L i S = sp AyS S. 

Proof. With Wiener's local inversion theorem [18, p. 22, Proposition 1.1.5 (b)] to 
/ G L X (R, C) with f(u) ^ there exist g G L X (R, C), (p G S(R, C) with / • g = 1 
and / • V> = 1 on a neighborhood of w, ^ := (7 * <p> G L 1 * V L i C £>li, then 
X G <S(R, C) c P L i (R, C) with / * ^ * X = x, xM ^ 0. 

For the S-case one has to use (T> L i)' * L 1 * V L i is well defined and associative, 
we omit the details, % 

Remark. sp A (j) = sp A} x> Ll 4> holds even for A when C ub -invariant is replaced by 
positive-invariant. 

The following result is not used here and may be omitted. But it relates spc <fi 
used in [9], [10], [13] with the set of singularities of Laplace transform a + of 
G C ub (R,X) used in [5]-[7], [17]. 

Proposition 9.3. Let G C ub (R, X), A = Cq(R + ,X). If spc 4> is countable, then 
sp Co (p C cr +((/>). 

The inclusion is in general strict: There is ip G C ub (R+) with spc ip = but 

(7+^0. 

Proof. Case cr + (0) = 0. We show spc 4> = ; By Theorem 4.4 [3, p. 847] or [7, 
Theorem 4.4.1, p. 275], P<j>\ R+ G X ®C (R+,X) giving <p\R + G C (R+,X), by 
[9, Theorem 1.4.1]. By [9, Theorem 4.2.1], sp Co = 0. 

Case spc = {0}. We show G o + (0): Assuming £ cr + (0), P0| R + is 
bounded by a result of Ingham [16, Theorem 1.4] and [39, Theorem 20, p. 66] (see 
also [4, Remark 3.2, p. 419]. Hence hM h (p = A h P<p\ R+ G S ub (R+,X) for all h > 0. 

O; UT\/T /J. I US "\ , 11 ID) „„ !, > r\ „„J C /TTD V""\ :„ „1„„„J J. I TED ^- C /TTD V""\ 
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By [9, Theorem 4.2.3], <f>\ R + G Co(R+,R). This contradicts the assumption and 
proves G c + (</>). 

Case is an isolated point of spc 4>- We show G a + ((f)): The assumption 
implies spc <f>* f = {0} for any / G L 1 (M, K) with f(u) = 1 in some neighborhood 
of and supp / fl spc Q 4> = {0}- It follows G a + ((f> * f) by the above. Since 

<T+((j>*f) C (T + ((f)*f-(f))Ua + ((f)) C <t(0*/-0)U<7+(0) C [(7(0)nSUpp (/- 1)] U(T + ((f)) 

(see [65, p. 25, Proposition 06] and ^ supp (/ — 1), one gets G o- + (</>). Since 
This is true for any isolated point of spc 4> and both spc </>, o~+(4>) are closed the 
inclusion follows. 

The inclusion is strict: For ip(t) := ain V<w(i+t)) ^ f > ^ ^ := 0) £ < 0, one has 
sPCotp = ^ an d indefinite integral Pip is bounded. But by [68, Example 4.1] 
Pif)\ R+ X © C (R+,R). Using Theorem 4.4 of [3], one can show a + (ip) ^0-1 

Lemma 9.4. If A satisfies (9.1), G L°°(M,X) and 0| J G .MA / G L 1 (R, K), 
£/ien (0* G A 

Proof. Because of (9.1) and since step functions are dense in L 1 (M, K), it is enough 
to show ((f> * xi)\ J G A / compact interval of M; with C u b- invariance one can 
assume / = [—h, 0], h > 0. But then (f>* Xi = h(4> * Sh) = hM h <p on J, G A % 

Proposition 9.5. If A andU satisfy (9.1), A has (L v ), <p G L°°(R,X), ^± UJ A C A 
and 7- w 0| J G MJJ for all u G sp A (f>, then sp A <p is perfect ( = closed without isolated 
points). 

Proof. If uj is an isolated point of sp A (p, there exists k G S(M, C) with k(u) = 1 
and supp k fl sp A <p = {ui}. With A u b = An C u t,(§,X), one has A u b C M.A U \, by 
Corollary 3.3, so Corollary 2.3(C) of [13] (valid also for open J) gives sp A (f> * k = 
sPA ub 4> *k = {u}. With 7_^^4 C A one gets sp^ nb 7_^(0 * k) C {0}. Corollary 2.3 
(B) of [13] (also for open J) can be applied and gives Ah('y- LJ (<f) * k) \ J G A, for all 
h > 0, with (9.1) also if a > in J. Now 7_ w (0 * k)\ J = (7- w 0) * (l-ojk)\ J G f7 
by Lemma 9.4. (L[/) gives 7_^(0* fe)| J e A With 7^.4. C .4. one gets (f>* k\ J G A 
The definition of spectrum implies /c(A) =0, a contradiction. ^[ 

Remark. (Ljj ub ) for A is enough in Proposition 9.5. 

Lemma 9.6. For any A C L\ oc (J,X) with (9.1), if S G (X> L i)'(M, A") and h>0, 
then M h S G (P L i)'(R, X) and 

(9.5) sp AjT > Ll S = U h>0 sp A ,T> Ll ( M hS). 

Proof. If v? G V L i(R,C), M_ h ip G P L i(R,C) for all h > 0. Since M/^p) = 
S(M_ h <p) by (1.7), M_ h is continuous on P L i(R,C) and S G (D L i)'(R, X), one 
gets M h S G (£> L i)'(K,X). If u G sp Ai v Ll M h S, (p G Z> L i(R,C) and S*</?|J G A 
then (S*if) *Sh\ J G .4 if A C .MA One can prove associativity and commutativity 

„fj-U„ j.: — „;„ /t-i V/nu ... rl/TU nr\ ... Tt /ttd w \ /„ — /oc\ „f fion „.;j-U 
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(V L i)'(R,X)*L 1 (R,K) C (V L i)'(R,X), so (S*s h )*^\Ie A. Since S*s h = M h S, 
one gets = 0. This gives u G spj_ } D Ll S. For general A one can use (9.3), since 
A u b C MA u b, by Corollary 3.3. 

Since we do not need " C " of (9.5) we omit the proof, % 

Theorem 9.7. Assume A, U satisfy (9.1), (Ljj) holds for A, m E No, 4> E 

M rn L°°(R, X) with sp AjT > Ll (p at most countable, <p\ J G M m C u (J, X) and 'j± cu A C 
A, 7-^1 J G M 9 <- u) U with some q(u>) > m for all u G sp^x> L i <P, then <j)\ J G Al m A 

Proo/. ^ G Al m L°°(M,X) implies <p G Lj oc (R,X), so all restrictions on |J are 
well defined. M m L°°(R,X) C A4 m+1 C ub (R, X) C (V L i)'(R,X) by Examples 4.7, 
(2.19) and Proposition 2.9, so <j) G (P£,i)'(R,X), cr := spA,v Ll 4> is wen defined. 

m = : By the trivial sp^cj) C spA,T> Ll (f> of (9.4) and proposition 9.5, sp^cj) is 
perfect, since <f>\ J G C U (J,X) gives (7_ w 0)| J G ZT^b C MU u b with Proposition 5.6 
and Corollary 3.3. Then sp^0 countable implies spj^cj) = (see [1, p. 221, Satz 
23]). Since <j>\ J G C u6 (J,X), = sp^ u6 0, by (9.3). With A ub C AlAib by 

Corollary 3.3. Corollary 2.3 (A) of [13] also for open J can be applied to <fi, A u b, 
yielding (f>\ J G A. 

m > 0: For h = (hi,-- - ,h m ) G lR m with hj > we consider V := Mh<j) '■= 
M hm ■ ■ ■ M hl (f), G L°°(R,X), with VI J G C u6 (J,X). Assuming that 7 _ w 0| J G 
M q{uj) U implies 7_^^|J G A**/, which we show below, one gets that spx^P is 
perfect. Now sp^ifj = spj^M^cj) C sp_A,T> L iMh(j) by the trivial part of (9.4), Lemma 
9.6 gives then inductively sp^V' C sp^x> Ll 4>- So sp^^ is perfect and countable, 
thus is empty (see the case m = 0). With (9.3) one can apply Corollary 2.3 (A) 
of [13] also for open J to ip and A u b C MA u b, obtaining J G A. Since ft > is 
arbitrary, 0| J G M m A follows. 

Now we show 7_u,Vl J G AW: Since L°°(R,X) has (A) by Proposition 4.9, 
Proposition 8.1 gives 

F := M fc (7_ a; 0) G L°°(R, X) for u G R and jfe = (k u ■ ■ ■ , k m ) G M m with kj > 0, 
M k = M k ■■■ M kl . 

Similarly with Examples 4.7, F| J G C U (,(J, X). For fixed w G spa,t> l1 4>, one has 
M r F| Jet/ for < r G R q ~ m or F| J G AT£/ n C u6 (JJ, X) C t/ u6 := ^ n C ub (J, X) 
by Proposition 5.6. Since U is C^-invariant, L/^ is C^-invariant. This and Lemma 
9.4 for U ub , f = 7-^ • s hl gives f^ 1 7 w («i)F(mi + •) J G U ub ; inductively we get 

G ( f ) := ht-.^ Jo"" 1 ' ' ' Jo 1 7w(«l H H «m)^(«l H 1- Mm + *) d«l • • • d«m 

satisfies G| J G U ub . But Fubini's theorem gives G = Mfc(7_ a ,M^,0), so 7-^V'l J = 
7_ W M^,0| J G U ub C Aft/^ C Alt/ as claimed, t 

Corollary 9.8. // ^ U satisfy (9.1), (L v ) holds for A, S G X^oo (R, X) with 
s Pa,t> l1 S at most countable, r y± u A C A, (7_ wi S)| J G 2^ /or a// w G sp^x> Ll S, 

4-U CI ¥ ^ TV 
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Here, for distributions T G V'(R,X) and any J C R, V C L] oc (3,X), T\ J G V' v 
means (T*ip)\ J G V for all test functions ip G Z>(R, K) in accordance with Definition 
1.3. 

Proof. Theorem 9.7, m = can be applied to = S 1 * ip G £>l°o C C u &(R, X), since 
7_ w (0 * v?) = (7-w0) * and sp^x^ S 1 * 99 C spa,t> l1 S with Lemma 9.4 and 

associativity in (V L i)'(R,X) * L X (R, K) * X? L i(M,K) (see Corollary 2.3 (c) of [13] 
for S G L°°(R,X)). 1 

Remark 9.9. In many cases A, U satisfy (T) and (A) (see Section 4, 7), then 
/ y± U jA C A holds and ( / j- w (p)\I G M. q ^U respectively G can be replaced by 
0| J G M. q U for some q > m respectively G (Proposition 8.1). 

Remark 9.10. The assumption </>| J G M m C u {J, X) in Theorem 9.7 is essential, 
already for m = q = 0, X = C and J = R: 

There exists <p = fo Stepanoff ^-almost periodic function for 1 < p < 00, 
G C°°(R,R) and bounded so in A4C u t,(R,R), but not uniformly continuous on R. 
One has sp A ^ L J Q = for A = AP(R,C) with Lemma 9.6 and S P AP C MAP, 
this A satisfies (£[/) for U = C&(R, C) (even for U = L°°, by Proposition 1.7 and 
[13, p. 120]), so A, U satisfy (9.1), also (r) and (A) by Examples 4.7, 4.15, but 
fo?A = AP. 

Special cases of A and U in Proposition 9.5, Theorem 9.7 and Corollary 9.8 
where besides (9.1) also the main assumption (Lu) for A are fulfilled: 

(I) A = AP(R,X), LAP ub (R,X), UAA(R,X), U = C ub (R,X) and c £ X. 
For (Lu) see [13, p. 120, case (L.l)]. Here Remark 9.9 applies. 

(II) A as in (I), U = C uwrc (R, X), and now X arbitrary; again Remark 9.9 
applies (for (Lu) see [13, p. 120, case (L.2)]). 

(III) A, J, X arbitrary with (9.1), (A) for A and {constants} <Z A, U = 
SQ,X). 

Here (Lu) holds practically by the Definition 1.4 of (A), only U A uniformly closed" 
of (9.1) is needed for (L £ ). By Proposition 4.2, (A) holds for linear A C C ub (J,X) 
if A is only uniformly closed, a generalization of Theorem 3.1.2 of [9], one gets 
generalizations of Theorems 4.2.5 and 4.2.6 there. 

(IV) A, J, X arbitrary with only (9.1) and (A), U = S Q (Especially A = C , 
(EAP rc ) , (EAP) ). 

Here (Lu) follows again directly from (A). 

(V) A = S p AP(R,X), 1 < p < 00, c t X, U = L°°(R,X) or even 
M j L°°(R, X) for some j G N. 

Here (Lu) can be derived from (L ub ) for AP(R, X), this will be treated somewhere 
„i„„ 
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So for example Theorem 4.1 of [13] with all its subclasses is subsumed by the 
above. 

One also gets: 

Theorem 4.1 of [13] is also true for distribution solutions fi, if there everywhere 
M is replaced by 11 M" . 

Similarly, this Theorem 4.1 remains true with J = R, bj G V' A , Qj G T>' Loc V\T>' TE 
in (i), Qj G T>' Cuwrc in (iii), yielding ftj G V\. 

With the special case (IV) one gets directly the following analogue to the Hardy- 
Littlewood tauberian theorem [4, Theorem 2.7 pp. 415-416], [16, p. 23, Theorem 
1.2]. 

Remark 9.11. If A C Lj oc (3,X) satisfies (A) and is uniformly closed, then <fi G 
MA(2,X) and Pep G £{J,X) implies [Pep - m(P(j))} G A. For A = C (2,X) this 
gives P(f>(t) —> m(Pcp) as \t\ — > oo. 

Proof. (A) implies (L £o ) for A and [Pep - m(Pep)] G £ (2,X); Proposition 4.2 (i) 
gives (A) for C . ^ 

§10. Differential-difference equations 

For m, n, q G N we consider the following differential-difference system operator 

(10.1) Ly := + ^0 ELi *j,k 

here the aj^ are n x n matrices G K nXn with coefficients from K, = 1 or C, 
y = (\y, • • • , n y) is a row vector, the r^ are reals with r\ < • • • < r q and among 
them, y s (t) := y(t + s) where defined with jy : J — > X with X a Banach space over 
K, J = [a, oo) with a G R. With r := r\ < we define 

(10.2) f := [a + r, oo). 

y £ A etc. means G A for 1 < j < n. 

For J, X as above, A C X J , real r < 0, we say that A is r' '-invariant if / G 
C 1 ^', X) with /'| J G .4. and / r | J G .4. imply #| J G A, with J' of (10.2). 

Theorem 10.1. Assume L, r as above, A linear, positive invariant, r' -invariant, 
C L} oc {2,X) with (Ax) and A C MA. If y G Wf ' c m (J', X), y r G .4. and Ly G A4.A, 
toen y { r j) e A, < j < m, ?/ m )|J G .MA 

Proof, y G W^J', X) implies y rk |J G W^ m (J, X) for 1 < fc < g, so (Ly)|J is well 
defined, C L} oc {J,X). 

m = 1 : y r G A and ^4 positive invariant give y rk |J G ^4, so (Ly)\2 G .M.4 implies 
y'\J G .MA 

m =>• m + 1: One can write Ly = (Qy)' + YH=i a o,kUr k with = ■u( m ) + 

ES 1 ELi a J+i,fc u 2 ) ; with z ■= (Qy)\$ one s ets z e w^j,*) and ^ g ma 
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so A h z = A h (Qy\I) = Q(A h y)\$, E A. w := A h y E W^ +1 (f,X) satisfies 
w r = Ah(y r ) E A and (Qw)\J E A, C MA, by assumptions on A. The induction 
hypothesis gives w^' G .4 for < j < m, thus (A/ l (j/ r ))^)|J G .4; since C}w G .4 
by the above, also (A,^)( m )|J G A This implies A h (y'\$) G .4. for h > 0; (Ai) 
gives (y' - Mi(y'))|J G A; since Mi(y') = Aiy and y\J G .A, then yi|J G *4 ( one 
r k = 0) one gets y'|J E A. y E W^ +1 and m > 1 give y G C^J', X). y r G .4. by 
assumption, so the r'-invariance of A gives y' r \J E A. 

With u:=y' E W^(3',X) one has therefore w r G .A and Qw = (Qy)' E MA. 
Again using the induction hypothesis, one gets y^ +V> = «[ J ' G A for < j < m, 
then y( m+1 ) G A4.4 with (10.1). % 

Corollary 10.2. // in Theorem 10.1 the Ly E MA is replaced by Ly E A a.e, 
then yi j) E A for < j < m and y (m) |J G A a.e. 

Here f E A a.e. means there is g E A with f = g a.e. on JJ. 

Theorem 4.1 follows with Ly = y( m ' (r = 0, the r'-invariance holds trivially). 
The following shows that Ly E MA is decisive in Theorem 10.1, y r E A can be 
relaxed considerably: 

Corollary 10.3. If A and L are as in Theorem 10.1, s E N , y E W^(f,X) 
with only y r E M S A, Ly E MA , then y^> E A for < j < m and y (m) |J G MA. 

Corollary 10.4. If A and L are as in Theorem 10.1, k,p,s E No with m < p, 
y e W loc (S',X), y r E M S A, Ly E M k A, then, with = u(j,k,m,s) := max 
{0, j+ min {k - m, s}}, y { r j) E M^A for < j < m and yW\2 E M^ j) A for 

TTi < j < V- 

Proof, s =>• s + 1: For fixed h > 0, define z = Mhy = (Mh iy, • • • , Mh n y); then 
z E W^ +1 (S',X) C C m (f,X), z r E M S A and Lz = M h Ly E A C MA. The 
induction hypothesis yields z^ E A for < j < m. If m > 1, then z' r E A. If 
m = 1, then z'\J E A with Lz E A; since z E C x (f,X) with z r E A, the r'- 
invariance of A gives also z' r E A. This means Ah(y r ) G ^4 for h > 0; (Ai) for 
A gives y r — Mi(y r ) G ^4; since z r G A, h = 1 gives M\(y r ) = (M\(y)) r E A : so 
y r E A. Theorem 10.1 gives then the conclusion of Corollary 10.3. 

Corollary 10.4 follows inductively with Corollary 10.3 and Lemma 2.3, we leave 
the details to the reader, % 

Examples 10.5. All the A the following A are admissible in Theorem 10.1 and 
its Corollaries: C , U> w for\<p< oo, AP, AAP, UAA, S p - AP, EAP, various 
PAP versions, T£, £, C u b, C u , 0(w), also all X-classes [9, Definition 1.3.1], [13, 
p. 117]: Examples 3.4/5/6/13, 4-7/9/10, 7.3/8/10/11/12, 8.9. 
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Example 10.6. Without " positive-invariant" Theorem 10.1 becomes false already 
for Ly = y": 

A = {/ G C u b([0, oo), K) : /(0) = 0} is a Banach space with the supremum norm 
which satisfies (A) by Proposition 4-2 (i). For the function y(t) = (sin t) cos 
one has y, y" G A but y' G" A. 

Another such example would be A = Cq + X t. 

There are also such r' -invariant A. 

Example 10.7. Theorem 10.1 becomes also false without r' -invariance of A: Ly = 
y" + y-i, J = [l,oo), y' piecewise linear with y'(0) = 1, y' = on [1/2, oo), 
A = C 1 ($,K) orC ub (I,K). 

Remarks 10.8. 

(a) yr G A implies y^J\I G A, especially y^ G A, for 1 < k < q, < j. 

(b) If allrk > 0, i.e. L is only advanced or even an ordinary differential operator, 
the r' -invariance holds trivially. 

(c) For linear A " positive-invariant" and A C M.A are coupled: 

(i) A positive-invariant with (A) implies A C M.A. 

(ii) If A is uniformly closed C C u , then A C M.A and positive-invariant are 
equivalent. 

(d) A linear, positive-invariant with (A) and A C M.A does not imply A r' - 
invariant: Example 10.7. 

(e) If A C C(3,X), the a.e can be disregarded in the conclusion of Corollary 
10.2, then y|J G C m (J,X). 

(f) For A C L v w see [51] and the references there, then also neutral perturbations 
can be treated with variable operator valued aj : k- 

(g) In Theorem 10.1 and Corollary 10.3 the assumption Ly G M.A cannot be 
weakened to Ly G Ai p ^A with p(m) > 1, not even for Ly = y( m \ m = 2,3,4, 
A = AP. 

(h) the case A = C u b is also treated in [12, Corollary 3.3a], [51], then vari- 
able aj^k G C u b o,re admissible (y bounded implies y G M.C u b, our Corollary 10.3 
applies). 

(i) For X-classes A an Es clang on- Landau result for general neutral system has 
been obtained in [13, Corollary 2.7]. 

(j) Theorem 10.1 and its corollaries hold also for aj^ with components a : X — > 
X bounded linear operators with a(A) C A. 

(k) The results of this section hold also for J = R = J', with the same proofs. 

For A which do not satisfy (A) we have 

Theorem 10.9. Assume L, r, J, J', X as before Theorem 10.1, A linear, positive 

A ,„• 4 A-C„„^,r^. „1„„„J „• ,„• 4 ^— T 1 /¥ V\ „ 1 „* <- T\T rru 
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V e Wl£(I, X) with y r G [M S A] n M S *C U and Ly G MC U (S, X) imply y { / } G A, 
< j < m, y< m )|J G MA. 

Proof. The class C U (J, X) satisfies all the assumptions of Theorem 10.1 by Example 
10.5, so Corollary 10.3 gives yi G C u for < j < m. y r G A^ s ^4 gives G 
M S+ -'A for < j < m by Lemma 2.2, since all M k A are also linear positive- 
invariant. (M s+j A) n C u <Z A oi Proposition 5.6 gives yi j \ y( m_1 ) \ J g A for 
< j < m, Lemma 2.2 then y (m) | J G MA t 

Corollary 10.10. If A, L, s are as in Theorem 10.9 with A C MC U {J, X), then 

V e w io?{$'i X ) with yr e M S A and Ly|J G A imply y { r j) G A for < j < m, 
y^\IeA. 

The above can be generalized as in Corollary 10.4. 

Example 10.11. A = AP ■ e 1 ^ does not satisfy (Ai) by Example 4-21. This A is 
linear, positive-invariant and uniformly closed, C C(, C M.C u b, Theorem 10.9 and 
Corollary 10.10 can still be applied. 

Similarly A = S P AP is possible in Theorem 10.9 and Corollary 10.10 for 1 < 
p < oo, since M.C u b is closed with respect to S^-norm. 

Also, all linear, positive-invariant, uniformly closed A G with 1 < p < oo are 
admissible, since S% C M.C u b, 

By Example 10.6 the "positive-invariant" in Theorem 10.9 and the following are 
essential. 

§11 Open questions 

1- What in §2 can be extended to the half line? 

2- Does there exist A with (Ai), but without (A)? 

3- Do there exist A C C u , with A positive-invariant uniformly closed C A4A, but 
without (A)? 

4- Do all finite-dimensional A satisfy (A)? (Yes for dimension ^4=1) 

5- Does C wrc have (A)? Similarly for (L^ rc ), := the space of a.e. bounded 
measurable functions with (weakly) relatively compact range. 

6- When does (A) for A imply (A) for 7^^4, where u G R? (See Remark 8.10). 

7- When does (A) for MA imply (A) for A! For example does M(AP ■ e 1 ^) 
satisfy (A)? 

8- Does there exist a general theorem, which subsumes (most of) the results of 
§4 with their ad hoc proofs? 

9- Is Bohr-ap equivalent Bochner-ap, without von Neumann's countability axiom 
{Aq) (see Lemma 6.4 and Remark 6.3)? 
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11- Do there exist U, V with (A) and U n V = {0} but U + V does not satisfy 
(A)? 

12- When does (A) for A imply (A) for X + A? (See Corollary 7.7). 

13- Does Var(J,X) satisfy (A)? 

14- For what A(R, X) is MA(R, X)\$ = MA{J, X) ? (See Example 5.5). 

15- Does there exist a simple proof for AAP ■ e lt has (A)? (See Remark 4.23). 

16- Is there an example of an A C M.A with A + A' Loc strictly C M.A (see 
Proposition 5.1)? 

For any : J — >■ X, (j) will be called Maak ergodic if to any positive e there are 
a G X, n G N, Sj G [0, oo) such that 

IK 1 /™) E"=i <t>{sj + t) - a|| < e for all t G J; 
the set of all these will be denoted by £M(J, X) (see (see [61, p. 34, Mittelwert- 
satz])). 

One can show SM(J, X) f) L°°(J, X) C £($, X) n L°°(J, X). 

17- Is the inclusion £M(JJ, X) n L°°(J, X) C 5(J, X) n L°°(J, X) strict? 

18- Does SM(I,X)r\L°°(I,X) satisfy (A)? 

19- Is e lt Maak ergodic? 

20- For what J, X is EAP(R,X)\J C EAP(J,X) strict? ( For N it is known 
that EAP(Z,R) | N C £;AP(N,M) is strict (see [20, p. 231, Example 5.1.15]). 

21- For what J, X is EAP C £ n valid, or even |/| G EAP ($,R) whenever 
/ G EAP (J,X) (true for X = K, any J by [20, p. 157, Theorem 4.3.13])? 
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